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DEFINITION:

Clustering is a scientific method which addresses the

following very general problem: given the data on a set of entities,
find clusters, or groups of these entities, which are both homogeneous
and well-separated. Homogeneity means that the entities in the same
cluster should resemble one another. Separation means that entities in
different clusters should differ from one another.
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CLUSTERING METHODS:

1. HIERARCHICAL CLUSTERING:
* Agglomerative Hierarchical Clustering.
» Divisive Hierarchical Clustering.

Let 0(C1,C2) be the distance function between two clusters C1 and
C2. It can be computed as:

e H(C1,Cr)=min{dij):ieCy , jel). For single linkage.

e H(C1,Cr)=max {d({,j):1eCt , JEC1 ) For complete linkage.

1 }
o 5(C,.C5) = daii, 7). For average linkage.
(C1.€Ca) IC1|-|C2|I;QJ;:I @n ge linkag
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Clustering

1 2 3 4 5 ) 7 8 9

Example: BOS | NY | DC |MIA | CHI | SEA| SF | LA |DEN

Consider the Table BOS | 0 | 206 | 429 | 1504 | 963 |2976 | 3095 [ 2979 | 1949

. NY | 206 | 0 | 233 | 1308 | 802 | 2815 | 2934 | 2786 | 1771

K-Means which shows the DC | 420 | 233 | 0 | 1075 671 | 2684|2799 | 2631 | 1616
distances in miles MIA | 1504 | 1308 | 1075| 0 | 1329|3273 | 3053 | 2687 | 2037

CHI | 963 | 802 | 671 | 1329 O |2013 2142|2054 | 996

between some United SEA | 2976 | 2815 | 2684 | 3273 | 2013| 0 | 808 | 1131 | 1307

Degeneracy States cities . The SF [3095[2934 (2799 |3053|2142| 808 | 0 | 379 | 1235
' . . LA [2979 | 2786|2631 | 2687 | 2054 | 1131 | 379 0 1059
’ method of clustering iS [DEN 10491771 [ 1616 | 2037 | 996 | 1307 | 1235 | 1059 | ©
Single Iinkage' SO’ in Table 1.1: Distances in miles between U.S. cities
Example the first stage BOS and
¢ NY are merged into a
: new cluster because \
AddI’ESSInq 1 . . oo0}
206 is the minimum
I : distance. After
Computation applying the
Results agglomerative
| algorithm, the rest of
Conclusion the solution can easily T —

be concluded from the
dendrogram in Figure
References

© Abdulrahman Alguwaizani 2012




2. PARTITIONING:

let X = {x;.....xy} be aset of objects

or entities to be clustered (x; € RY),

and let C be a subset of X. Then

P =1{C.C,.....Cg} 1sapartition

of X into K clusters 1f 1t satisfies:

MC#0;: k=1.2,....K.
mencC;j=0: j=12,....K: i#]

K
(iii) | C; = X.
k=1
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Minimun Sum of Squares Clustering (MSSC):

consideraset X = {xq,..,x;, ..., Xy}, X; = {xli, ...,xqi}

of N entities in Euclidean space R9. The MSSC problem is to find a
partition of X into K disjoint subsets C; such that the sum of squared
distances from each entity x; to the centroid

cj of its cluster C; is the minimum.

Specifically, let Py denote the set of all partitions of X into K sets.
Let partition P be defined
asP = {C1,C2,...,CK}.

Then MSSC can be expressed as:
N

o - . o ) 2
fussc(P) = Jun IJ:TTK i — 5,
=

where the centroid of cluster j is given as:

_ 1 _
% = 105 Luiec; T
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Fig. 1: The K-means clustering algorithm.
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K-Means Algorithm:

Algorithm 1. K-Means algorithm (KM) for the MSSC problem
Function KM (X, K, Maxit, N, C, z)
1: Choose initial centroids ¢ (k=1,..., K)

2: 1+ 0

3: Repeat

4: [+ 1+1

e Fori=1.....N Do

6: m(x;) < argmingeqy gy (|2 — ¢illa)?
T z = fussc asin (1)

3 For j:=1.....K Do

9. Calculate centroid c;

10:Until m does not change or [ =Maxat
Maxit: (the maximum iteration allowed)
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Degeneracy of K-means clustering:

It has been observed that the final solution of MSSC problem obtained
by KM heuristic depends substantially on the initial choice of
centroids. Since most of these algorithms generate random
initializations for centroids, the degeneracy could occur with those of
bad initials or choices.

Degeneracy:

We say that solution of the clustering problem is degenerate,

if either: (i) there is one or more cluster centers have no entities
allocated to them or (ii) two or more cluster centers are identical.

Degree of Degeneracy:

We say that degenerate solution has degree of degeneracy
equal to d if the number of empty clusters in the solution is equal to d.
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Fig. 2: Ruspini dataset representation.
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i} 20 40 60 B0 100 120 o 20 40 &0 &0 100 120

{a) Initial solution and the objective fune- (b} First Iteration and the objective function =
tion = 536386 and K = 3. 142857.136 and K = 3.

0 20 40 60 80 100 120
{c) Initial solution and the objective func- {d} First fteration and the objective function =
tion = 536264 and K = 4. 142100057 and K = 4.
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Function KMDEG (C, K, C, Maxit,N,C,z)

1. (W) =fci ¢y, o, Ci) K centroids are chosen from X .
2. i< 0 i -fteration counter

3. repeat

4 i< i+ 1

5 C « C(new)

6. z= fuyssc (C)

7. Indicate indices b, of degenerate solutions (¢ = 1,...,9)

8 Ifg >0 then

9. fort:=1,..,g do

10, t = by

11. h =1+ nxRND choose an entity h at random
12 forB =1,..,q do

13 CtB = th

14. until z does not change or i = Maxit
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K [mth] obj [% dev[maxit[maxdeg[time
K|[mth| obj [% dev|maxit|maxdeg|time| [20[EM [1532.1 0.06 12 1 0.1x
4 (KM [50580.47 1.40 ] 1 0.04] |20 |EM+ |172.2 : 10 0.11
4 |KM+ (49833.99 ’ 5 0.03] [40[EM [1444 0.20 i 2 0.24
G [EM TI005.8 1915 T 1 0.00] | 40 |EM+ [114.8 : 0 0.13
6 |KM+ | 0670.8 ) 8 0.11| |60 [EM 131 0.13 10 3 0.1%8
N EM [10643.21 95 67 5 1 0.11] | 60 |EM+ | 114 ’ 8 0.15
8 |KM+ | 7911.43 ’ 5 0.05) [ 80 [EM [125.3 091 B 0 0.34
10[EM | D4RG.38 173 b 1 0.13] | 80 |EM+ [ 00.2 ’ 7 0.11
10|KM+ | 9037.95 ) 5 0.00| [ID0JEM 116 0.98 10 0 0.38

100|KM+ | 83.1 : 7 0.18

(a) Dataset: Ruspini-75
(b) Dataset: Glass-214

K [mth] ob] [%% dev[maxit{maxdeg[time] [ K [mth] ob) [% dev[maxit|maxdeg[time
20 [EM  [RO05.1 0.00 a1 i T.02| [20 [EM [6390635.3 0.00 10 1 0.35
20 |EM+ |8888.7 ) 23 1.08] |20 |EM+ [6393096.5 ' 23 0.390
40 [EM  |T230.3 0.01 15 2 1.23] |40 |EM [4596055.5 0.01 31 1 1.15
40 |KM+ |T143.3 ’ 15 1.22| |40 |EM+ [4572142.0 ' 22 0.76
GO [EM  [GH6E.1 0.00 12 1 1.53] |60 [EM [423K8761.4 0.01 a7 1 i
G0 |EM+ |5870.2 ) 10 1.24| | 60 |EM+ [4186300.5 ' 26 1.05
R0 (KM |5450.T 0.04 11 13 1.80] | 80 |EM |3237280.9 0.13 51 9 2.00
80 |EM+ |5220.1 : 9 1.67| | 80 |EM+ |2818305.4 ' 23 1.14
100]EM 40176 0.05 0 17 2451 [100]EM  [2D37550.8 0.95 a7 0 229
100|EM+ |4648.4 ) 12 211 |{100{KM+ |2201357.8 ' 21 L.77

(c) Dataset: Breast-Cancer-699

(d) Dataset: Image Segmentation-2310
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Conclusion:

The Minimum Sum Of Squares Clustering (MSSC) problem is
considered and the algorithm (KM) is designed to solve it. It has been
observed that the K-Means (KM) clustering heuristic for solving
(MSSC) poses the property of degeneracy, i.e., the property that some
clusters could remain empty (without entities) during the execution or
at the code.

| explain the degenerate solutions and provide an efficient and easy
procedure which removes degeneracy immediately when it appears

In iterations.

Future work:
» Diagnosing the degeneracy.
* Applying VNS to improve the solution.
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