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ε(h) = f(z0+h)−f(z0)
h − a ð h = z − z0 ©

	
�

	
�

	
à



@ ù

�	
®ºK
 ½Ë

	
X 	áÓ Y»



A
��
JÊË�

lim
h→0

f(z0 + h) = f(z0) ø





@ z0 Y

	
J«

�
éÊ�

��
JÓ

	
àñº

�
K z0 Y

	
J«

�
�A

��
®

�
J

�
�C


�
Ë�

�
éÊK. A

��
¯

�
éË @

�
X

�
É¿ @

�	
X @

�

�
éÊ

�
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@

�
éÊÓA

�
¿ A

�
î
�	
E


@ Èñ

�
®

	
K) C ÉÓA

�
¿ ú




	
¯

�
éJ
ÊJ
Êm

�
�
' ù



ë P (z) = anz

n + an−1z
n−1 + ..+ a0 XðYg

�
èQ�


�
J»

�
É¿ (1

P ′(z) = nanz
n−1 + (n− 1)an−1z

n−2 + ..+ a1 A
�	
JË ð ( �

éjJ
m
�� ð



@ entire

ez ñë A
�
ê
�
¯A

��
®
�
J

�
�@


�
ð

�
éÊÓA

�
¿ ù



ë ez = exeiy = ex(cosy + isiny)

�
éJ


�
�



B@

�
éË @
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YË

�
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®
��
JË @ ð

�
�A

��
®
�
J

�
�B


�
@

	á�
K.
�
é
�
¯C

�
ªË@

�	
à

�

AK. Q

�
»

	
Y

	
K

�
HYg. ð

	
à@


�
¡

�
®

	
¯ ð

	
à@


�
z0 = (x0, y0) Y

	
J« (differentiable) É

	
�A

�	
®

��
JÊË�

�
éÊK. A

��
¯

	
àñº

�
K f : Ω→ C = R2

�
IJ
m

�'
. lim
h→0

ε(h) = 0
�

�

���
®m�

�
' ε

�
éË @

�
X ð l ∈ L(R2) (linear)

�
éJ


�
¢

	
k

�
éË @

�
X

f(z0 + h)− f(z0) = l(h) + |h|ε(h)

ð h = h1 + ih2 = (h1, h2) 	
àA

�
¿ @

�	
X @

�

ð É
	

�A
�	
®
��
JÊË�

�
éÊK. A

��
¯

	
àñº

�
K

�
�A

��
®

�
J

�
�C


�
Ë�

�
éÊK. A

��
¯

�
éË @

�
X

�
É¿ @

�	
X @

�

A
�	
JÊ

	
¯ f ′(z0) = a+ ib

l(h) = (ah1 − bh2, ah2 + bh1)

	
àA �Üß
P úæ

�
�
�ñ»

�
HB

�
XA

�
ªÓ

�
�

���
®m�

�
' ð É

	
�A

�	
®
��
JÊË�

�
éÊK. A

��
¯ f

�	
à



@

	
�Q�

�
	
®

	
JË iJ
m

�� �ºªË@ ð

f(x, y) = f(x+ iy) = U(x, y) + iV (x, y) = (U(x, y), V (x, y))

�
�

���
®m�'


 l A
�
êÊ

	
�A

�	
®

�
K

�	
àA


�

	
¯ (x, y) Y

	
J«

l(h) = l(h1, h2) = (h1
∂U

∂x
(x, y) + h2

∂U

∂y
(x, y), h1

∂V

∂x
(x, y) + h2

∂V

∂y
(x, y))

�	
à



@ Õ

��
æm�

�
' �

�A
��
®
�
J

�
�C


�
Ë� f

�
éJ
ÊK. A

��
¯ @

�	
X @

�

∂U

∂x
(x, y) =

∂V

∂y
(x, y) ,

∂U

∂y
(x, y) =

−∂V
∂x

(x, y)

ú
�
Î« É

�
�j

�
J
	
K @

�	
Yºë ð (Cauchy −Riemann equations) 	

àA �Üß
P úæ
�
�
�ñ»

�
HB

�
XA

�
ªÓ ù



ë è

	
Yë ð

�
HA

�	
¢kC

�
Ó

úæ
�
�
�ñ»

�
HB

�
XA

�
ªÓ

�
�

���
®m�

�
' ð É

	
�A

�	
®
��
JÊË�

�
éÊK. A

��
¯

�
I

	
KA

�
¿

	
à@


�
¡

�
®

	
¯ ð

	
à@


�
(x, y) Y

	
J«

�
�A

��
®
�
J

�
�C


�
Ë�

�
éÊK. A

��
¯ f 	

àñº
�
K

	
àA �Üß
P

	áK
PA �Ü
�
ß

I.

�
»QÖÏ @  A

��
®

	
K 	áÓ ø



�



@ ú

�	
¯

�
�A

��
®
�
J

�
�C


�
Ë�

�
éÊK. A

��
¯ Q�


	
« A

�
î

�	
DºË ð

�
H@

��QÖÏ @ 	áÓ
�
éK
A

�
î

	
EB

�
A
�
Ó É

	
�A

�	
®
��
JÊË�

�
éÊK. A

��
¯ z → z 	á

�
�
K.

(1

Q
	
®

�
�Ë@ Y

	
J« ¡

�
®

	
¯

�
�A

��
®
�
J

�
�C


�
Ë�

�
éÊK. A

��
¯ A

�
î

�	
DºË ð

�
H@

��QÖÏ @ 	áÓ
�
éK
A

�
î
	
EB

�
A
�
Ó É

	
�A

�	
®
��
JÊË�

�
éÊK. A

��
¯ z → z2 �	

à


@

	á
�
�
K.

(2

	áÓ ø


�



@ ú

�	
¯

�
�A

��
®
�
J

�
�C


�
Ë�

�
éÊK. A

��
¯ Q�


	
« A

�
î

�	
DºË ð Q

	
®

�
�Ë@ Y

	
J«

	
àA �Üß
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�
�
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�
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�
XA

�
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�
�

���
®m�

�
' z → z2

z

�	
à
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�
�
K.

(3

I.

�
»QÖÏ @  A

��
®

	
K
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�
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�
ð

�
YË@

	
�ªK.

(exponential)
�
éJ


�
�



B@

�
éË @

��
YË@

ú
�	
¯

�
�A

��
®
�
J

�
�C


�
Ë�

�
éÊK. A

��
¯ ù



ë

	
X@

�

(entire)
�
éjJ
m

�� �
é
�
Ë @

�
X ù



ë z = x+ iy → ez = ex(cosy + isiny)

�
éË @

��
YË@

�
�

���
®m�

�
' ù



ëð C∗ ñê

	
¯ A

�
ë@

�
YÓ A

��
Ó


@ . I.

�
»QÖÏ @ ÉÓA

�
¿

(ez)′ = ez, ez+z
′

= ez.ez
′
, |ez| = ex

	áK
A
�
J.
�
K

�
I��
Ë ð

�
é
�
K
PðX ù



ë ð

(ez = ez
′
)⇔ (ez−z

′
= 1)⇔ (z − z′ = 2ikπ, k ∈ Z)

�
é

	
¢kC

�
Ó

�
éË @

��
YË@ ÈA

�
Òª

�
J�A


�
K.

�
é
�
K
XA

�
ªË @ (trigonometric equations)

�
éJ


�
J
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Ê
�
JÖÏ @

�
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�
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�
ªÖÏ @ ©J
Ô

g
. ú

�
Î« 	áëQ�.

	
K

	
à



@ ©J
¢

�
��

	
�
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àA
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¯ y ∈ R ð x ∈ R 	

àA
�
¿ @

�	
X @

�

C
�
�
JÔ

	
¯ �

éJ

�

�


B@

ei(x−y) = cos(x− y) + isin(x− y) = eix.e−iy = (cosx+ isinx)(cos(−y) + isin(−y))

½Ë@

�	
Y» ð sin(x− y) = sinxcosy − cosxsiny ð cos(x− y) = cosx.cosy + sinxsiny @

�	
X @

�

cosx =
eix + e−ix

2
, sinx =

eix − e−ix

2i

ú
�
ÎK
 A

�
Ò» (cos) ÐA

�
Ò
��
JË @ I. J
k. ð (sin) I. J
m.

Ì'@
	

¬�Qª
	
J
	
¯ I.

�
»QÖÏ @ ÉÓA

�
¾Ë @

�	
Yë X

��
YÖ

	
ß

∀z ∈ C, cosz =
eiz + e−iz

2
, sinz =

eiz − e−iz

2i
�	
à



@

�
é«Qå��.

�
IJ.

�
�
	
K

	
à



@ ©J
¢

�
��

	
�

∀z ∈ C, cos′(z) = sinz, sin′(z) = cosz, cos2z + sin2z = 1

È@
�
ð

�
YË@ è

	
Yë (roots) PA

�	
®�



@ ù



ë A

�
Ó

(sinz = 0)⇔ (eiz = e−iz)⇔ (e2iz = 1)⇔ (z = kπ, k ∈ Z)

A
��
Ó


@

(cosz = 0)⇔ (eiz = −e−iz)⇔ (e2iz = −1 = eiπ)⇔ (z =
π

2
+ kπ, k ∈ Z)

�A
�
Ò�ÜÏ @

�
é
�
Ë @

�
X

	
àñº

�
K @

�	
YîE. ð

tanz =
sinz

cosz
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C \ {π2 + kπ, k ∈ Z} ú
�
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�
éJ
ÊJ
Êm

�
�
'

ÐA
�
Ò
��
JË @ �A�Ü

�
Ø ½Ë@

�	
Y» ð

cotanz =
cosz

sinz

A
�	
JË ð C \ {kπ, k ∈ Z} ú

�
Î«

�
éJ
ÊJ
Êm

�
�
'

(tan)′(z) = 1 + tan2(z) =
1

cos2(z)
, ∀z ∈ C, sin(2z) =

2tan(z)

1 + tan2(z)

cos(2z) =
1− tan2(z)

1 + tan2(z)

ÐA
�
Ò
��
JË @ I. J
k. ð (sinh) ø



Y



K� @

��	QË @ I. J
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Ì'@

	
¬�Qª

	
J
	
¯ I.

�
»QÖÏ @ ÉÓA

�
¾Ë (hyperbolic) ø



Y



K� @

��	QË @ I. J
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��
YÖ

	
ß ½Ë

	
Y»

ú
�
ÎK
 A

�
Ò» (cosh) ø



Y



K� @

��	QË @

∀z ∈ C, cosh(z) =
ez + e−z

2
, sinh(z) =

ez − e−z

2

ú
�
Î« É

�
�j

�
J
	
J
	
¯

sinh′ = cosh, cosh′ = sinh, (cosh)2 − (sinh)2 = 1

(ú


× 	PP@

�
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�
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�

�
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)

�
é
�
J
Ò

�
JK
PA
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�
Ë @ È@

�
ð@

��
YË@

Ω ⊂ C hñ
�
J
	
®ÖÏ @ ú

�
Î« (branch of logarithm) Õç

�
'PA

�	
«ñ

�
ÊË� (determination) 	á�
J
�

ª
�
K ñë f
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à
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ú
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�
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�
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�
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�
éÊ�
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�
¡

�
®
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�

∀z ∈ Ω, ef(z) = z
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é
�
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�

�
�
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®m�
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' ð Ω ú

�
Î«

�
é
�
J
ÊJ
Êm

�
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àñº
�
K f 	
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¯ Ω ⊂ C hñ

�
J

	
®ÖÏ @ ú

�
Î« Õç

�
'PA
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«ñ

�
ÊË�

	á�
J
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ª

�
K f 	

àA
�
¿ @

�	
X @

�

f ′(z) =
1

z

	
àA

�
ëQK.

@ �Q
	

¢
	
� w0 = f(z0)⇔ z0 = ew0 ð w = f(z)⇔ z = ew ©

	
�

	
JË f ′(z0) = lim

z→z0⇒

f(z)− f(z0)

z − z0
A
�	
KY

	
J«

�	
àA


�

	
¯

	á�

�
JÊ�

��
JÓ

�
éJ


�
�



B@

�
éË @

��
YË@ ð f

�	
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B

(z → z0)⇔ (f(z)→ f(z0))

@
�	
X @

�

lim
z→z0

f(z)− f(z0)

z − z0
= lim
w→w0

w − w0

ew − ew0
=

1

ew0
=

1

z0
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�
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ð
	

à@

�

Ω ú
�
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�
'PA
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«ñÊË�
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J
�
ª
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àñº
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¯ Ω

�
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�
Î« Õç

�
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J
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ª
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�
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àA
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¯ g = f + 2ikπ �
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m
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. k ∈ Z Yg. ð
	

à@
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é
�	
K


@ ½Ë

	
X g = f + 2ikπ �

IJ
m
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. k ∈ Z Yg. ð
	
à@


�
¡

�
®

	
¯

eg = ef+2ikπ = ef = z
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@ eg = ef = z é
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¯ Õç

�
'PA
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«ñÊË�

	á�
J
�
ª

�
K g 	

àA
�
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�	
X @
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@ Õç

�
'PA

�	
«ñÊË�

	á�
J
�
ª

�
K ñë @

�	
X @

�

∀z ∈ Ω,∃k(z) ∈ Z; f(z)− g(z) = 2iπk(z)

ð YJ
kð Q
�
å�

	
J« ú

�
Î« ø



ñ

�
Jm�'
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�
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�Q�
�Ó

�
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�
ë@

�
YÓ @

�	
X @

�

Ω
�
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�

¢
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�
Î«

�
éÊ�
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ë k

�
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�	
X @

�
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é
�
JK. A

�
�
K k 	

àñº
�
K @

�	
YîE.

∀z ∈ Ω, g(z) = f(z) + 2iπk

	
­K
Qª

�
K

�
éË @

��
YË@ z = x+ iy 	áºJ
Ë C \ R− ú

�
Î«

Log(x+ iy) =
1

2
Ln(x2 + y2) + 2iarctan(

y

x+
√
x2 + y2

)

Ln(z) ð


@ Log(z) éJ
Ë @
�

	QÓQ
	
K ð úæ

�
�A

�
�
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	á�
J
�
ª
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JË @ ù
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Ò��
 Õç

�
'PA

�	
«ñÊË�

	á�
J
�
ª

�
K ñë
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¡kC

�
	
K

eLn(z) =
√
x2 + y2(cos(2arctan(

y

x+
√
x2 + y2

)) + isin(2arctan(
y

x+
√
x2 + y2

)))

�	
à



@ ú

�
Í@

�
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¢
	
� ð

∀z ∈ C, sin(2z) =
2tan(z)

1 + tan2(z)
, cos(2z) =

1− tan2(z)

1 + tan2(z)

∀z ∈ (C \ R−), eLn(z) = z
�	
àA


�

	
¯

�	
à



@

	á
�
�
J.

	
K

�
é
�
®K
Q

�
¢Ë@ �

	
®

	
JK.

z
|z| = eiθ �

IJ
m
�'

. YJ
kð θ(z) ∈ [α, α+ 2π[ Yg. ñK
 z ∈ C∗,
�

É¾Ë α ∈ R 	áºJ
Ë

	
­�

	
JË @

	
¬

	
Yg I. k. ð C \ {teiα, t ≥ 0} ú

�
Î« Õç

�
'PA

�	
«ñÊË�

	á�
J
�
ª

�
K ñë logα(z) = Ln(|z|) + iθ(z)
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�
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« logα(z) ú

�
ÍA
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JK. ð θ(z)

�
éË @
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YË@
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B {teiα, t ≥ 0} Õæ




�
®

�
J�ÖÏ @

lim
x→α+

θ(teix) = α, lim
x→α−

θ(teix) = α+ 2iπ

	áK
PA �Ü
�
ß
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�
ë 	Q»QÓ

�
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�
X ú

�
Î« ø
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�
Jm�'


 hñ
�
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J
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ª
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 Ω ⊂ C hñ
�
J

	
®Ó Q�.»



@ Yg. ð



@ (2

∀(z1, z2) ∈ Ω× Ω, Ln(z1z2) = Ln(z1) + Ln(z2)

�
éË @

�
X n ¡J.

	
�ËA

�
K. Yg. ñ

�
K ∀n ∈ N é

�	
K


@

	á�
K. ð (Ln−π
2

)− Lnπ
2

)
�
éË @

��
YË@

�
éÒJ


�
¯ ð

	
­K
Qª

�
K ÈA
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× Yg. ð



@ (3

�
�

���
®m�
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' C \ {it; t ≥ 0} ú

�
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�
é
�
J
ÊJ
Êm

�
�
'

∀z ∈ C \ {it; t ≥ 0}, fn(z) = z

11



ÉÓA
�
¾

��
JË @

	
­K
Qª

�
K

	áÓ ð


@ (smooth) �ÊÓ
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K
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Ë�
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X
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�
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¡
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(piecewise) A
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�
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®Ë@
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� γ(b) ð (origin)
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Ò�

�
� γ(a)
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�
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@ . [xj , xj+1] ú

�
Î«

	
¬�QªÓ �ÊÓ@

γ(a) = γ(b) 	
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�
®

	
K ð

�
éÊ

�
JÓ



@

A
�
Ò» [0, 2π] ú

�
Î«

�
é
	
¯�QªÓ ù



ë ð r ≥ 0 Q¢

�
¯

	
­�

	
� ð z0 ∈ C 	Q»QÓ ú




�
æ
�
ÊË @ (circle) γz0,r

�
èQ



K� @

��
YË

�
@ (1

�
�Ê

	
ªÓ ñë ð γ′z0,r(t) = ireit

�	
à



B �ÊÓ@ �ñ

�
¯ ñë ð γz0,r(t) = z0 + reit ú



ÎK


ú


ÎK
 A

�
Ò» [0, 1] ú

�
Î«

�
é
	
¯�QªÓ ù



ë ð B ∈ C ð A ∈ C �

IJ
k [A,B] (segment)
�
éª¢

�
®Ë

�
@ (2

A 6= B 	
àA

�
¿

	
à@


�
¡

�
®

	
¯ ð

	
à@


�
�ÊÓ@ �ñ

�
¯ ñë [A,B](t) = A+ (B −A)t

é
�
KPñ� Õæ�P



@ ð A

�
ª¢

�
¯ �ÊÓ@ é

�	
JºË �ÊÓ

�

AK. ��
Ë é

�	
K


@

	á
�
�
K. y(t) = {

eit, t∈[0, π
2]

2i
π t, t∈[π2 ,π]

	áº
�
JË (3

. A
�
ª¢

�
¯ �ÊÓ



AK. ��
Ë ð É�

��
JÓ �ñ

�
¯ é

�	
K


@

	á�
K. Γ(t) = t+ it2sin( 1
t )

	áºJ
Ë
(4

	
­K
Qª

�
K

ÉÓA
�
¾

�
K

	
¬�Qª

	
K A

�	
J

��	
K A

�

	
¯

�
éÊ�

��
JÓ

�
éË @

�
X f : γ∗ → C 	áº

�
JË ð γ∗ é

�
KPñ� A

�
ª¢

�
¯ �ÊÓ



@ A

�
�ñ

�
¯ γ : [a, b]→ C 	áºJ
Ë

ú


ÍA

���
JËA

�
¿ γ ú

�
Î« f∫

γ

f(z)dz =

∫ b

a

f(γ(t))γ′(t)dt

�
éÊ

�
JÓ



@

r > 0 	
àA

�
¿ @

�	
Y«�

(1∫
γ(z0,r)

1

z − z0
dz =

∫ 2π

0

idt = 2iπ

A
�	
KY

	
J« [A,B]

�
éª¢

�
®Ë@ ú

�
Î« (2∫

[A,B]

zdz =

∫ 1

0

(A+ (B −A)t)(B −A)dt =
1

2
(B2 −A2)

12



	
­K
Qª

�
K

�
IJ
m

�'
. γ
− : [a, b]→ C ñë �» A

�
ªÖÏ @ è A

�
m.
�

��
'B

�

@ ú



	
¯ �ñ

�
®Ë@

�	
àA


�

	
¯ A

�
ª¢

�
¯ �ÊÓ



@ A

�
�ñ

�
¯ γ : [a, b]→ C 	áºJ
Ë

γ−(t) = γ(a+ b− t)
�	
à



@ B

�
@

�

�
èPñ

�
�Ë@ �

	
®

	
K A

�
ÒêË γ− ð γ 	

àA
�

�ñ
�
®Ë@

γ(a) = γ−(b), γ(b) = γ−(a),

∫
γ

f(z)dz = −
∫
γ−
f(z)dz

�
é
�
K
Q

	
¢

	
�

�	
àA


�

	
¯ γ : [a, b]→ C A

�
ª¢

�
¯ �ÊÓ@ �ñ

�
¯

�
èPñ� ú

�
Î« ø



ñ

�
Jm�'


 h

�

ñ
�
J
	
®Ó ú

�
Î«

�
é
�
J
ÊJ
Êm

�
�
' f 	áº

�
JË∫

γ

f ′(z)dz = f(γ(b))− f(γ(a))

	
àA

�
ëQK.∫

γ

f ′(z)dz =

∫ b

a

f ′(γ(t))γ′(t)dt =

∫ b

a

[f ◦ γ]′(t)dt = f(γ(b))− f(γ(a))

�
�J
J.¢

�
�∫

[A,B]
ezdz = eB − eA A

�	
KY

	
J« (1

�	
àA

	
¯ Ω ú

�
Î«

�
é
�
J
ÊJ
Êm

�
�
' f ð Ω hñ

�
J
	
®Ó 	áÓ

�
�Ê

	
ªÓ ð A

�
ª¢

�
¯ �ÊÓ



@ �ñ

�
¯ γ 	

àA
�
¿ @

�	
X @

�

(2∫
γ

f ′(z)dz = 0

�	
à



@ ½Ë@

�	
X Q

	
®

�
�Ë@ A

�
ë 	Q»QÓ γ

�
èQ



K� @

�
X ú

�
Î« ø



ñ

�
Jm�'


 hñ
�
J

	
®Ó �ø






@ ú

�
Î« f Õç

�
'PA

�	
«ñÊË�

	á�
J
�
ª

�
K Yg. ñK
 B

�
@
�	
X @

�∫

γ

f ′(z)dz =

∫
γ

dz

z
= 2iπ 6= 0

	
­K
Qª

�
K

�ñ
�
®Ë@ (index) ÉJ
Ë

�
X

�	
àA


�

	
¯ z /∈ γ∗

�
É¾Ë γ∗ é

�
KPñ� A

�
ª¢

�
¯ �ÊÓ



@ A

��
®Ê

	
ªÓ A

�
�ñ

�
¯ γ : [a, b]→ C 	áºJ
Ë

ñë z Qå�
	
JªË@ ú

�
Í@

�

�
éJ.�

	
�ËAK. γ

I(γ, z) =
1

2iπ

∫
γ

dω

ω − z

�
éÊ

�
JÓ



@
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�	
àA


�

	
¯ γn(t) = z0 + eint I. �k [0, 2π] ú

�
Î«

	
¬�QªÖÏ @ �ñ

�
®Ë@ ñë γn ð n ∈ N∗ 	áºJ
Ë

(1

I(γn, z0) =
1

2iπ

∫
γn

dω

ω − z0
=

1

2iπ

∫ 2π

0

nidt = n

−n ñê
	
¯ I(γ−n , z0) A

��
Ó


@ (2

ð . �
é«A

��
�Ë@ H. PA

��
®ªË �» A

�
ªÖÏ @ è A

�
m.
�
��
'B

�

@ ú



	
¯ z Èñk γ A

�
ëPðYK
 ú

��
æ
�
Ë @

�
H@

��QÖÏ @ X
�
Y« ñë I(γ, z) ðYJ. K
 @

�	
Yºë ð

�
éJ
ËA

���
JË @

�
é
�
K
Q

	
¢

�	
JË AK. Y

�
»



A
�
JK
 @

�	
Yë

�
é
�
K
Q

	
¢

	
�

�
IK. A

�
�
K ñë ð I(γ, z) ∈ Z

�	
àA


�

	
¯ z /∈ γ∗

�
É¾Ë γ∗ é

�
KPñ� A

�
ª¢

�
¯ �ÊÓ



@ A

��
®Ê

	
ªÓ A

�
�ñ

�
¯ γ : [a, b]→ C 	áºJ
Ë

C \ γ∗ 	áÓ XðYm× Q�

	
ªË @ ¡�. @

�Q�
�ÖÏ @ Z 	Qm.

Ì'@ ú
�
Î« @ �Q

	
®�

	
àñºK
 ð C \ γ∗ 	áÓ ¡

�
�. @

�Q�
�Ó Z

�
	Qk.

�
É¿ ú

�
Î«

	
àA

�
ëQK.

	
¬�Qª

	
JË z ∈ (C \ γ∗) ð γ∗ é

�
KPñ� A

�
ª¢

�
¯ �ÊÓ



@ A

��
®Ê

	
ªÓ A

�
�ñ

�
¯ γ : [a, b]→ C 	áºJ
Ë

ψ(x) = e
∫ x
a
γ′(t)dt
γ(t)−z

A
�	
JË ð

�
éÊ�

��
JÓ γ′ A

�
îD


	
¯

	
àñº

�
K

�
é¢

�
®

	
K

�
É¿ Y

	
J«

�
�A

��
®
�
J

�
�



C
�
Ë

�
éÊK. A

��
¯ ψ

�
éË @

��
YË@ è

	
Yë

ψ′(s) =
γ′(s)

γ(s)− z
ψ(s)

�	
à



@ ú




	
æªK
 @

�	
Yë ð

(
ψ(s)

γ(s)− z
)′ = 0

Yg. ñ
�
K é

�	
K


@ A �Üß. ð

�
éÊ�

��
JÓ γ′ A

�
îD
Ê«

	
àñº

�
K

�
èQ

�
�
	
¯

�
É¿ ú

�
Î«

�
é
�
JK. A

�
�
K

	
àñº

�
K

ψ(s)
γ(s)−z

�
éË @

��
YË@

�	
à



@ ø






@

@
�	
X @

�

. �
éÊ�

��
JÓ γ′ 	

àñº
�
K [xj , xj+1] ú

�
Î«

�
IJ
m

�'
. a = x0 < x1 < .. < xn = b

ψ(a)

γ(a)− z
=

ψ(x1)

γ(x1)− z
= .. =

ψ(b)

γ(b)− z
�	
àA


�

	
¯ γ(a) = γ(b)

�	
à



@ A �Üß. ð

ψ(a) = ψ(b) = 1 = e2iπI(γ,z)

@
�	
X @

�

I(γ, z) ∈ Z

@
�	
X @

�

�
IK. A

�
�
K

	
àñºK
 I(γ, z)

�	
àA


�

	
¯ C \ γ∗ 	áÓ XðYm× Q�


	
ªË @ ¡�. @

�Q�
�ÖÏ @ Z 	Qm.

Ì'@ ú
�
Î«

I(γ, z) = lim
z→∞

1

2iπ

∫ b

a

γ′(t)dt

γ(t)− z
= 0
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�
é

	
¢kC

�
Ó

�
éË @

�
YK.

�
�@

�Q�
�Ó

�
èPñ� é

�	
K


B

�
�@

�Q�
�Ó ñë γ([a, b])

�	
à



@ ½Ë@

�	
X C \ γ∗ 	áÓ YJ
kð XðYm× Q�


	
« ¡�. @

�Q�
�Ó Z 	Qk. Yg. ñK


Z 	Qm.
Ì'@ ú

�
Í@

�

ù
�
Ò
�
J
	
�K
 ñê

	
¯ ¡�. @

�Q�
�Ó Z 	Qk. ñë C \D(0, r)

�	
à



@ A �Üß. γ∗ ⊂ D(0, r) �

IJ
m
�'

. r > 0 Yg. ñK
 @
�	
X @

�

�
éÊ�

��
JÓ

. D(0, r) É
	

g@
�
X

�
èXñk. ñÓ ù



ë ø �Q

	
k



B@ Z @

�	Qk.



B@

�
É¿ C \ γ∗ 	áÓ YJ
kñË@ XðYm× Q�


	
ªË @ ¡�. @

�Q�
�ÖÏ @

�
�J
J.¢

�
�

�
�
ñ

�
¯

�
É¾Ë

�
éK
A

�
î
	
E B

�
A
�
Ó ú

�
Í@

�

I. ë
	
YK
 ð Q

	
®

�
�Ë@ 	áÓ

�
�Ê¢

	
JK
 �ñ

�
¯ ñë A = {teit; t ≥ 0} 	

àð 	QÊmÌ'@
	
Y

	
g



A
	
JË

Q�

	
ªË @ ¡�. @

�Q�
�ÖÏ @ Z 	Qm.

Ì'@ ú
	
¯
�

Xñk. ñÓ 0
�	
à



@ ½Ë@

�	
X I(γ, 0) =

∫
γ
dz
z = 0

�	
àA


�

	
¯ C \A 	áÓ γ A

�
ª¢

�
¯ �ÊÓ



@

�
�
�
Ê

	
ªÓ

@
�	
X @

�
C \A ú

�
Î« f É�



@ A

�
êË

1
z

�	
à



@ i.

�
J
	
J
�
��

	
�

�
é
�
®K. A

�
�

�
é
�
K
Q

	
¢

	
� ú

�
Î« XA

�
Ò

�
J«B


�
AK.

. C \A 	áÓ XðYm×

(ze−f(z))′ = e−f(z) − f ′(z)ze−f(z) = 0

�
éË @

��
YË@ @

�	
X @

�
λ = ec �

IJ
m
�'

. c ∈ C Yg. ñK
 λ 6= 0
�	
à



@ A �Üß. C \ A ¡�. @

�Q�
�ÖÏ @ ú

�
Î« λ

�
é
�
JK. A

�
�
K ù



ë ze−f(z)

@
�	
X @

�

É�
��
JÓ

	á�
J
�
ª

�
K ù



ë g @

�	
X @

�

. z = eg(z)
�

�

���
®m�

�
' g = f + c I. �k C \ A

�
É¿ ú

�
Î«

�
é

	
¯�QªÖÏ @ g

�
éÊ�

��
JË @

C \A ú
�
Î« Õç

�
'Q

	
«ñ

�
ÊË�

Yg. ñK
 é
�	
K A

�

	
¯ Q

	
®

�
�Ë@ ú

�
Î« øñ

�

�
Jm�'


 ø
	
Y�

�
ÊË @ A XðYm× Q�


	
ªË @ ¡�. @

�Q�
�ÖÏ @ Z 	Qm.

Ì'@
	
àA

�
¿ A

�
ÒêÓ é

�	
K


@

	á
�
�
J.

	
K

�
é
�
®K
Q

�
¢Ë@ �

	
®

	
JK. ð

�
éJ
ËA

���
JË @

�
é
�
K
Q

	
¢

	
JË @

�
�J
J.¢

�
JË @ @

�	
Yë ÈC

�
	

g A
�	
J
�
J�.

�
K


@ Y

�
®Ë ð @

�	
Yë C \A ú

�
Î« Õç

�
'Q

	
«ñÊË� É�

��
JÓ

	á�
J
�
ª

�
K

�
é
�
K
Q

	
¢

	
�

�
�

���
®m�

�
' Ω ú

�
Î«

�
é
�
J
ÊJ
Êm

�
�
' f

�
éË @

�
X

�
HYg. ð

	
à



@ ¡

�
®

	
¯ ð

	
à@


�
Ω ⊂ C h

�

ñ
�
J
	
®Ó ú

�
Î« Õç

�
'Q

	
«ñ

�
ÊË� É�

��
JÓ

	á�
J
�
ª

�
K Yg. ñK


f ′(z) =
1

z

É�J

	
¯ ½ÊÖÏ @

�
éªÓA

�
g.

ÐñÊªË@
�
éJ
Ê¿

1424 Q
	
®� 24 �

HA
�
J


	
�A

�
K
QË @ Õæ�

�
¯

	á�

�
J«A

�
� ú




	
¯ ÈðB

�
@ PA

�
J.
�
J

	
kB

�
@ I. »QÓ ÉJ
Êm

�
�
'

ÈðB
�
@ 	áK
QÒ

�
JË @
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f(z) = e
1

x−iy
�
éË @

�
YÊË�

�
éJ
ÊJ


	
j

�
JË @

�
éÒJ


�
®Ë @ ð

�
éJ


�
®J


�
®mÌ'@

�
éÒJ


�
®Ë @ Yg. ð



@ , z = x+ iy , x ∈ R, y ∈ R 	áºJ
Ë

(1

.

. �
éJ
ÊJ
Êm

�
�
' f

�
éË @

�
YË@

	
àñº

�
K 	áK




@

cost+ ..+ cosnt
�
éÒJ


�
¯ i.

�
J
	
J
�
��



@ ð

1−ei(n+1)t

1−eit X
�
YªÊË�

�
éJ


�
®J


�
®mÌ'@

�
éÒJ


�
®Ë @ Yg. ð



@ (2

ú



	
GA

�
�
JË @ 	áK
QÒ

�
JË @

γR(t) = −1 +Reit �
IJ
m

�'
. [0, π4 ] ú

�
Î«

	
¬QªÖÏ @ �ñ

�
®Ë@ γR 	áºJ
Ë

γ2
�
èPñ� Õæ�P



@ (1

lim
R→0

∫
γR

cosz

z + 1
Yg. ð



@ (2

lim
R→∞

∫
γR

eiz

(z + 1)2
Yg. ð



@ (3

�
IËA

�
�
JË @ 	áK
QÒ

�
JË @

log−π2 (e1−i 65π)
�
éÒJ


�
¯ Yg. ð



@ (1∫

γ2
log−π2 (z)dz

�
éÒJ


�
¯ Yg. ð



@ ð zlog−π2 (z)

��
�

�
J

�
�



@ (2

É�J

	
¯ ½ÊÖÏ @

�
éªÓA

�
g.

ÐñÊªË@
�
éJ
Ê¿

1424 È
�
ðB

�
@ ©J
K. P

16 �
HA

�
J


	
�A

�
K
QË @ Õæ�

�
¯

	á�

�
J«A

�
� ú




	
¯ ú




	
GA

�
�
JË @ PA

�
J.
�
J

	
kB

�
@ I. »QÓ ÉJ
Êm

�
�
'

ÈðB
�
@ 	áK
QÒ

�
JË @

�
éË @

�
YÊË�

�
éJ
ÊJ


	
j

�
JË @

�
éÒJ


�
®Ë @ ð

�
éJ


�
®J


�
®mÌ'@

�
éÒJ


�
®Ë @ Yg. ð



@ , z = x+ iy , x ∈ R, y ∈ R 	áºJ
Ë

(1

. �
éJ
ÊJ
Êm

�
�
' f

�
éË @

�
YË@

	
àñº

�
K 	áK




@ . f(z) = e( −i

1−x−iy )

. A
�
îD


	
¯ ú




�
¯A

�
J. Ë @ ð A

�
î

�
DªJ
J.£ A

�
Ó g(z) = f(z−1)

z(z−1)

�
éË @

��
YÊË�

�
è

	
XA

�
�

�Ë@  A
��
®

�	
JË @ Yg. ð



@ (2

é
�
KPñ�

	
àñº

�
K �ÊÓ@ γr A

�
�ñ

�
¯ Yg. ð



@ (3

{(x+ iy) ∈ C, y > 0, (x− 1)2 + y2 = r2}
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lim
r→0

∫
γr

g(z)dz
�
éÒJ


�
¯ i.

�
J�
	
J
�
��@ ð

ú



	
GA

�
�
JË @ 	áK
QÒ

�
JË @

∀n ∈ N∗, h( 1
2n ) = 1

n
�

IJ
m
�'

. h
�
éjJ
j

�
�Ë@ È@

�
ð

�
YË@ ©J
Ô

g
.

Yg. ð


@

�
èYgñË@ �Q

�
¯ É

	
g@

�
X PA

�	
®�B

�
@ 	áÓ ú



æî

�
D
	
JÓ Q�


	
« X

�
Y« A

�
êË

�
éjJ
m

�� �
éË @

�
X Yg. ñ

�
K Éë (2

�
IJ
m

�'
. φ

�
éjJ
m

�� �
éË @

�
X Yg. ñ

�
K Éë (3

∀n ∈ N∗, φ( 1
n ) = cosn

n+1

�
IËA

�
�
JË @ 	áK
QÒ

�
JË @

	Q
�
KP@

�
ñ

�
�

�
éK
YJ
êÖ

�
ß

	
àA

�
ëQK. ð

�
�

	
� I.

�
J»



@ (1

ψ : B(0, 1)→ B(0, 1)
�
é
�
J
ÊJ
Êj

��
JË @

�
HC

�
K. A

��
®

��
JË @ ©J
Ô

g
.

Yg. ð


@ (2
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(Taylor′s serie) PñÊJ

�
K ¼ñº

	
®Ó

�
é
�
K
Q

	
¢

	
�

�	
àA


�

	
¯ Ω ú

	
¯
�

éÊ
	

g@
�
X ð ñë ø

�
ñ

�
Jm×

�
I

�
Ê
�
JÓ ∆ 	áºJ
Ë ð Ω h

�

ñ
�
J
	
®Ó ú

�
Î«

�
é
�
J
ÊJ
Êm

�
�
' f 	áº

�
JË∫

∆

f(z)dz = 0

	
àA

�
ëQK.

éJ
Ê« ÉÓA
�
¾

��
JË @ ¨ñÒm.

× �
HA

�
�
J
�
Ê
�
JÓ 4 ú

�
Î« É

�
�j

�
J
	
K ¨C

�
	

�


B@

	
¬A

�
�

	
�


@ ¡�. QK. |

∫
∆
f(z)dz| = a 6= 0

�	
à



@

	
�Q�

�
	
®
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ā

1− āz
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