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Êj

��JË @

Complex Analysis (I)
Cauchy-Riemann equations and analytic functions. Cauchy's theorem and consequences.
Singularities and expansion theorems. Maximum modules principle. Residue theorem and its
applications. Compactness and convergence in spaces of analytic and meromorphic functions.
Normal families.

Complex Analysis (II)
The Riemann mapping theorem. In�nite products and the Weierstrass factorization Runge's
theorem and Mittag-Le�er's theorem. Analytic continuation and Riemann surfaces. Har-
monic functions, subharmonic and superharmonic functions, the Dirichlet problem. Entire
function, Jensen's formula, Hadamard 's theorem. The Range of entire functions, Bloch's,
Shotcky's, and Picard's thoerems
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�æË@ �HA�K
Q 	¢	JË @ ÉÒª�J�	� ð 	PñÓ�QË@ � 	® 	K ú

�
Î« 	¡ 	̄ A �j	J 	̄ 1 I.

�
»QÖÏ @ ÉJ
Êm�

�' P ��Q�®Ó ú
�
Î« ú


	æJ.Ó P ��Q�®ÖÏ @ @
�	Yë

. È �ð


B@ É� 	®Ë@ ú


	̄ A �ëA�	JëQK.
�é�K
 	Q�
 	®m��' �HA �g. PX ¼A�	Jë ð �èQ» 	YÖÏ @ è 	Yë ú


	̄ Qå��J 	jÖÏ @ �H@ �Qå 	�A �j�ÜÏ @ ø �ñ�Jm �×ñë I. ËA �¢Ë@ 	áÓ H. ñ
�
Ê¢ÖÏ

�
@

	�ªK. ð 	á�
ë@ �Q�. Ë @ 	�ªK. ÉJ
�A �	®�K . ø
 @ �ñ 	J» H. A��J» 	áÓ �èY�J
m.Ì'@ 	áK
PA �Ò��JË @
�

Ég �HB
�
ðA�m× ð �èY�J
m.Ì'@ �H@ �PA �� 	®�J�C
� Ë�

Q�� 	̄ YËA�K. �é 	K A �ª�J�B
� @ 	áÓ �YK. C
� 	̄ �èQå 	�A �jÖÏ @ ú


	̄ �é ���̄ A�	JÒÊË� �I»Q�K �éÊ�JÓ


B@

1



	àA �Üß
P �é�K
Q 	¢	�
	­K
Qª�K

ÉÓA
�
¿ �	àA
�

	̄ Ω 3 x
�

É¾Ë @ �	X @
� ¡�® 	̄ ð @ �	X @
� Ω 3 a é£A ��® 	K Yg


B �éJ.� 	�ËA�K. Ñm.�

	' C ⊃ Ω ��A �¢	JË @ �	à


@ Èñ�® 	K

Ω ú

	̄ �è @ �ñ�Jm× 	àñº�K [a, x] �éª¢�®Ë@

∀x ∈ Ω, [a, x] ⊂ Ω

é£A ��® 	K ©J
Òm.Ì �éJ.� 	�ËAK.� Ñm.�
	' 	àA

�
¿ @ �	X @
� ¡�® 	̄ ð @ �	X @
� H.

�Ym× C ⊃ Ω ��A �¢	JË @ �	à


@ Èñ�® 	K ð

�éÊ�JÓ


@

�é¢�® 	JÊË�
�éJ.� 	�ËA�K. Ñm.�

	' C∗\]−∞, 0] A ��Ó


@ Ñj. 	JK. ��
Ë C∗

�	à


@ 	á�
g ú


	̄ H.
�Ym× D(0, 1) �èYgñË@ �Q�̄ (1

. −1

	­K
Qª�K
ú


	̄ (Homotopic) 	àB
�
ðA �j�JÓ A �Òî�	E



@ Èñ�® 	K [0, 1] ú

�
Î« 	á�
 	̄ �QªÓ Ω ��A �¢	� ú


	̄ 	á�
�®Ê 	ªÓ 	á�
�ñ�̄
γ1 ð γ0

	áºJ
Ë
��
���®m��' h : [0, 1]× [0, 1] → Ω �éÊ���JÓ �éË @ �X �HYg. ð 	à@
� Ω

∀s ∈ [0, 1], h(s, 0) = γ0(s) (

@

∀s ∈ [0, 1], h(s, 1) = γ1(s) (H.
∀t ∈ [0, 1], h(0, t) = h(1, t) (h.

�éÊ�JÓ


@

ù

	®ºK
 a �IK. A

���JË @ �ñ�®Ë@ ©Ó ÈðA �j�JÓ γ
��Ê 	ªÓ �ñ�̄ �

É¿ 	àñºK
 a é£A ��® 	K Yg


B �éJ.� 	�ËAK.� Ñm.�

	' ��� A �¢	� ú

	̄ (1

h(s, t) = tγ(s) + (1− t)a
	Y 	g



A 	K 	à



@

�é�®Ê 	ªÖÏ @ �@ �ñ�̄ 

B@ ú

�
Î« 
ñ�

�	̄ A
�
¾�K �é�̄C

�
« ù
 ë Ω ú


	̄ ÈðA �j��JË
�
@ (2

ÈðA �j�JÓ γ 	àA
�
¿ @ �	X @
� ð γ0 ∼ γ1 I. �Jº	K A�	J

��	K A
�
	̄ Ω ��A �¢	� ú


	̄ 	á�
ËðA �j�JÓ 	á�
�®Ê 	ªÓ 	á�
�ñ�̄
γ1 ð γ0

	àA
�
¿ @ �	X @
� (3

γ ∼ 0 I. �Jº	K ð Q 	®�Ë@ ©Ó ÈðA �j�JÓ γ
�	à



@ Èñ�® 	K A�	J

��	K A
�
	̄

s → a �IK. A
��K �ñ�̄ ©Ó

�éK
Q 	¢	�
�	àA
�

	̄ Ω ú
�
Î« �é�J
ÊJ
Êm�

�' �éË @ �X f ð Ω ��A �¢	� ú

	̄ 	á�
ËðA �j�JÓ 	á�
�®Ê 	ªÓ 	á�
�ñ�̄

γ1 ð γ0
	áºJ
Ë∫

γ0

f(z)dz =
∫

γ1

f(z)dz

2



	àA �ëQK.
��
���®m��' h : [0, 1]× [0, 1] → Ω �éÊ���JÓ �éË @ �X Yg. ñ�K

∀t ∈ [0, 1], h(0, t) = h(1, t) ð ∀s ∈ [0, 1], h(s, 1) = γ1(s) ð ∀s ∈ [0, 1], h(s, 0) = γ0(s)

r = d(K, Ωc) 	áº�JË Ω 	áÓ K �@�Q��Ó 	àñº�K h
�èPñ� �	àA
�

	̄ �éÊ���JÓ h ð �@�Q��Ó [0, 1]× [0, 1]
�	à



@ A �Üß.

Yg. ñ�K @ �	X @
� É����B
� @ �éÒ 	¢�J 	JÓ ù
 ë @ �	X @
� [0, 1]× [0, 1] �@�Q��ÖÏ @ ú
�
Î« �éÊ���JÓ h ½Ë 	Y» . r > 0

�	à


@ 	¡kC

� 	K
�IJ
m�'. N 3 n

sup(|x− x′|, |y − y′|) ≤ 1
n
⇒ ||h(x, y)− h(x′, y′)|| ≤ 1

2r

	áëQ�. 	JË Γk = [h(0, k
n ), h( 1

n , k
n )]..[h(n−1

n , k
n ), h(1, k

n )] �èQå�º	JÓ  ñ¢ 	k 	áÓ �é 	K �ñºÓ �é�J
 	J�
K. A ��@ �ñ�̄

@ 	¬Qª	JË

�	à


@

∫

γ0

f(z)dz =
∫

Γ1

f(z)dz = .. =
∫

Γk

f(z)dz =
∫

Γk+1

f(z)dz.. =
∫

γ1

f(z)dz

Ω 	áÓ �Q�̄ ú

	̄ é

�
Ê¿ Xñk. ñÓ [h( s

n , k
n ), h( s+1

n , k
n ), h( s

n , k+1
n ), h( s+1

n , k+1
n )] ú
«A�K. QË @ A�	J�KA �¢J
�Jk@
� 	áÓ

É�


@ A�êË f

�	à


B Is,k = 0

�	àA
�
	̄ ú
«A�K. QË @ @

�	Yë ú
�
Î« f ÉÓA

�
¾�K Is,k

	áºJ
Ë r èQ¢�̄ 	­�	� ð h( s
n , k

n ) è 	Q»QÓ

@ �	X @
�
n−1∑
s=0

Is,k =
∫

Γk

f(z)dz −
∫

Γk+1

f(z)dz
�	à



@ ¡J
��. Õæ�P ú

�
Î« i. 	J���	�

n−1∑
s=0

Is,k = 0 @ �	X @
� . �Q�®Ë@ ú
�
Î«

∫

Γk

f(z)dz =
∫

Γk+1

f(z)dz

�	à


@ ø �Q 	K I.

��. ��Ë@ � 	® 	JËð
∫

γ0

f(z)dz =
∫

Γ1

f(z)dz = .. =
∫

Γk

f(z)dz =
∫

Γk+1

f(z)dz.. =
∫

γ1

f(z)dz

�éK
Q 	¢	�
	áÓ f

�éË @
��YÊË� Q 	®� ñë a1

�IJ
m�'. f PA �	®�


@ ©J
Ôg. ù
 ë a1, ...an ð Ω ��A �¢	� ú

�
Î« �é�J
ÊJ
Êm�

�' �éË @ �X f 	áº�JË
Ω \ {a1, .., an} 	áÓ ��Ê 	ªÓ �ñ�̄

γ ∼ 0 	áºJ
Ë ð mn
�éJ. �KQË @ 	áÓ f

�éË @
��YÊË� Q 	®� ñë an ð . . . , m1

�éJ. �KQË @
�	àA
�

	̄

1
2iπ

∫

γ

f ′(z)
f(z)

dz = Σn
j=1mjInd(γ, aj)

	àA �ëQK.
�	àA
�

	̄
γ ∼ 0

�	à


@ A �Üß. Ω ÉÓA

�
¿ ú

�
Î« �é�J
ÊJ
Êm�

�' f ′(z)
f(z) − Σn

j=1
mj

z−aj

�	à


@ 	¡kC

� 	K

3



1
2iπ

∫

γ

(
f ′(z)
f(z)

− Σn
j=1

mj

z − aj
)dz = 0

@ �	X @
�
1

2iπ

∫

γ

f ′(z)
f(z)

dz = Σn
j=1mjInd(γ, aj)

	­K
Qª�K
	àñº�K f �IJ
m�'. G ⊂ Ω �é«ñÒm.× �HYg. ð @ �	X @
� ¡�® 	̄ ð @ �	X @
� Ω ⊂ C h

�
ñ�J 	®Ó ú

�
Î« �é�J
 	̄QÓðQÓ �éË @ �X f

�	à


@ Èñ�® 	K

. f
�éË @

��YÊË� A�J.¢�̄ 	àñº�K G 	áÓ �é¢�® 	K
�

É¿ ð Ω \G ú
�
Î« �é�J
ÊJ
Êm�

�'

ÈA
��JÓ

�é�J
 	̄QÓðQÓ 	àñº�K f
g

�	àA
�
	̄ �é�J
ÊJ
Êm�

�' �éË @ �X f ð �é�K
Q 	®� �I��
Ë �é�J
ÊJ
Êm�
�' �éË @ �X g 	áº�JË Ω ��A �¢	� ú

�
Î«

Qå�» ø



@ É¾ ��Ë@ @

�	Yë ú
�
Î« I. �Jº�K �é�J
 	̄QÓðQÓ �éË @ �X

�
É¿ �	à



@ 	áëQ�. 	K 	à



@ 	áºÖß
 ð (G = {z ∈ Ω, g(z) = 0})

	á�
�J�J
ÊJ
Êm�
�' 	á�
�JË @

�YË
�éK
Q 	¢	�

ð f PA �	®�


@ ©J
Ôg. z1, .., zn

	áº�JË ð Ω ú
�
Î« �é�J
 	̄QÓðQÓ �éË @ �X f ð Ω ��A �¢	� ú

�
Î« �é�J
ÊJ
Êm�

�' �éË @ �X g 	áº�JË
I. �
�KQ

���K. ù
 ë k1, ..., ks ð f H. A �¢�̄

@ ©J
Ôg. p1, .., ps

	áº�JË ð PA �	®�


B@ è 	Yë I. �KP I. �
�KQ

���K. ù
 ë m1, ..., mn

�	àA
�
	̄ Q 	® ��Ë@ ©Ó �éËðA �j�JÓ Ω \ {z1, .., zn, p1, ..ps} 	áÓ �ñ�̄

γ 	áº�JË ð A�î�EA �g. PX
1

2iπ

∫

γ

g(z)
f ′(z)
f(z)

dz = Σn
j=1mjg(zj)Ind(γ, zj)− Σs

j=1kjg(pj)Ind(γ, pj)

	àA �ëQK.
�	à



@ 	¡kC

� 	K I. �K�QË @ 	­K
Qª�K 	áÓ

g(z)
f ′(z)
f(z)

− Σn
j=1mj

g(zj)
z − zj

+ Σs
j=1kj

g(pj)
z − pj

�	àA
�
	̄ Q 	® ��Ë@ ©Ó �éËðA �j�JÓ Ω \ {z1, .., zn, p1, ..ps} 	áÓ �ñ�̄

γ
�	à



@ A �Üß. Ω ÉÓA

�
¿ ú

�
Î« �é�J
ÊJ
Êm�

�' 	àñº�K
1

2iπ

∫

γ

g(z)
f ′(z)
f(z)

− Σn
j=1mj

g(zj)
z − zj

+ Σs
j=1kj

g(pj)
z − pj

dz = 0

@ �	X @
�
1

2iπ

∫

γ

g(z)
f ′(z)
f(z)

dz = Σn
j=1mjg(zj)Ind(γ, zj)− Σs

j=1kjg(pj)Ind(γ, pj)

�é 	¢kC
�
Ó

4



g = 1 	àñº�K A �ÓY 	Jª 	̄
P (f, γ) = Σs

j=1kjInd(γ, pj) ð Z(f, γ) = Σn
j=1mjInd(γ, zj) A�	Jª 	�ð @ �	X @
�

ú
�
Î« É ��j�J 	K

1
2iπ

∫

γ

f ′(z)
f(z)

dz = Z(f, γ)− P (f, γ)

Rouche ú
æ
��ðP �éK
Q 	¢	�

B
�

γ∗ �IJ
m�'. Q 	® ��Ë@ ©Ó �éËðA �j�JÓ Ω 	áÓ �ñ�̄
γ 	áº�JË ð Ω ��A �¢	� ú

�
Î« 	á�
�J�J
 	̄QÓðQÓ 	á�
�JË @ �X f ð g 	áº�JË

��
���®m�'
 ð g ð f PA �	®�



@ ð H. A �¢�̄ @ 	áÓ ø
�



@ ú

�
Î« ø
 ñ�Jm�'


∀z ∈ γ∗, |f(z) + g(z)| < |f(z)|+ |g(z)|
�	àA
�

	̄
1

2iπ

∫

γ

f ′(z)
f(z)

dz =
1

2iπ

∫

γ

g′(z)
g(z)

dz

�	à


@ ø




@

Z(f, γ)− P (f, γ) = Z(g, γ)− P (g, γ)

	àA �ëQK.
�	à



B 	áºÜ�Ø @

�	Yë ð |g(z)| ú
�
Î« �émk. @ �Q��ÖÏ @ ú


	̄ Q£ �éÒ��®K. ∀z ∈ γ∗, |f(z) + g(z)| < |f(z)|+ |g(z)| A�	KY 	J«
f(z)
g(z) /∈ [0, +∞[ @ �	X @
� ∀z ∈ γ∗, | f(z)

g(z) + 1| < |f(z)|
|g(z)| + 1 ú

�
Î« É ��j�J 	K ∀z ∈ γ∗, g(z) 6= 0 Õ ��æm��' �émk. @ �Q��ÖÏ @

@ �	X @
� γ∗ P@ �ñm.�'.
�é�J
ÊJ
Êm�

�' 	àñº�K Log( f(z)
g(z) )

�	àA
�
	̄
Log(z) = Log|z|+ iargz, 0 < argz < 2π 	áº�JË

0 =
1

2iπ

∫

γ

(Log(
f(z)
g(z)

))′dz =
1

2iπ

∫

γ

( f(z)
g(z) )

′

f(z)
g(z)

dz

=
1

2iπ

∫

γ

f ′(z)
f(z)

− g′(z)
g(z)

dz = Z(f, γ)− P (f, γ)− (Z(g, γ)− P (g, γ))

	­K
Qª�K
Q 	®�Ë@ ©Ó ÈðA �j�JÓ ��Ê 	ªÓ γ �ñ�̄ �

É¿ éJ
 	̄ 	àA
�
¿ @ �	X @
� ¡�. @ �Q

���Ë @ ¡J
��. C ⊃ Ω ��A �¢	JË @ �	à


@ Èñ�® 	K
�éÊ�JÓ



@

¡�. @ �Q
���Ë @ ¡J
��. 	àñºK
 é£A ��® 	K Yg



B �éJ.� 	�ËA�K. Ñm.�

	' ��� A �¢	�
�

É¿ (1

¡�. @ �Q��Ë @ ¡J
��. 	àñºK
 C \ {x + if(x), x ∈ [0,∞[} �	àA
�
	̄ �éÊ���JÓ �éË @ �X f : [0,∞[→ R �I	KA

�
¿ @ �	X @
� (2
�éK
Q 	¢	�

5



�é
J 	̄
� A

�
¾�JÓ 	àñº�K �éJ
ËA

���JË @ ÉÒm.Ì'@ �	àA
�
	̄ Ω 6= C �IJ
m�'. C 	áÓ ��A �¢	� Ω 	áºJ
Ë

¡�. @ �Q
���Ë @ ¡J
��. Ω ��A �¢�	JË

�
@ (1

Q 	®� ø
 ðA ���
 z Qå�	JªÊË�
�éJ.�

�	�ËA�K. γ ÉJ
Ë �X z /∈ Ω
�

É¾Ë ð A �ª¢�̄ �ÊÓ


@ Ω 	áÓ γ

��� Ê
	ªÓ ��ñ

�̄ �
É¾Ë (2

. Iγ(z) = 0

A�	JË Ω ú
�
Î« f

�é�J
ÊJ
Êm�
�' �éË @ �X

�
É¾Ë ð A �ª¢�̄ �ÊÓ



@ Ω 	áÓ γ

��� Ê
	ªÓ ��ñ

�̄ �
É¾Ë (3

∫

γ

f(z)dz = 0

��
���®m��' Ω ú

�
Î« h

�é�J
ÊJ
Êm�
�' �éË @ �X Yg. ñ�K PA �	®�



@ A�êË ��
Ë Ω ú

�
Î« f

�é�J
ÊJ
Êm�
�' �éË @ �X

�
É¾Ë (4

f = eh

��
���®m��' Ω ú

�
Î« g

�é�J
ÊJ
Êm�
�' �éË @ �X Yg. ñ�K PA �	®�



@ A�êË ��
Ë Ω ú

�
Î« f

�é�J
ÊJ
Êm�
�' �éË @ �X

�
É¾Ë (5

f = g2

f : Ω → D(0, 1) ú
ÎJ
Êm�
�' ÉK. A

��®�K Yg. ñK
 (6

	àA �ëQK.
1) ⇒ 2)

γ
�	à



B Q 	®� ø
 ðA ���
 z Qå�	JªÊË�

�éJ.�
�	�ËA�K. γ ÉJ
Ë �X z /∈ Ω

�
É¾Ë ð A �ª¢�̄ �ÊÓ



@ Ω 	áÓ γ

��� Ê
	ªÓ ��ñ

�̄ �
É¾Ë

�éË @ �X A�	JÊÓA
�
¿ @ �	X @
�

�éÒJ
�®Ë @ � 	® 	K Ym.�
	' A�	J�	K



B 2iπIγ(z) =

∫
γ

dw
w−z =

∫
A

dw
w−z = 0 @ �	X @
� A

�é¢�® 	K ©Ó ÈðA �j�JÓ
	á�
ËðA �j�JÓ 	á�
�ñ�̄ ú

�
Î« �é�J
ÊJ
Êm�

�'

2) ⇒ 3)

ú
æ
��ñ» �é�K
Q 	¢	� 	áÓ

3) ⇒ 4)

@ �	X @
� ∃c ∈ C, fe−h1 = ec @ �	X @
� (fe−h1)′ = 0 @ �	X @
� Ω ú
�
Î« h1 É�



@ A�êË f ′

f

�éË @
��YË@

f = e−h1+c

4) ⇒ 5)

	�Q 	ªËA�K. ù

	®�K g = e

h
2

�éË @
��YË@

ð 	áK
A�J. �K 	àñº�K f �IJ
m�'. f : Ω → D(0, 1) �é�J
ÊJ
Êj
��JË @ È@ �ð �YË@ �é«ñÒm.× F 	áºJ
Ë ð a ∈ Ω �I�J. �� 	JË 5) ⇒ 6)

PA �	®�


@ A�êË ��
Ë z − b

�éË @
��YË@ �	à



@ A �Üß. b /∈ Ω 	áºJ
Ë �é 	«PA�	̄ Q�
 	« F

�	à


@ B

� �ð


@ 	á�
J. 	JË f ′(a) > 0 ð f(a) = 0

�IJ
m�'. Ω ú
�
Î« g

�é�J
ÊJ
Êm�
�' �éË @ �X Yg. ñ�K 5 XA �Ò�J«A
�J.

	̄ Ω ú

	̄

∀z ∈ Ω, g2(z) = z − b
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	á�
J. 	JË D(g(a), r) ⊂ g(Ω) �IJ
m�'. r > 0 Yg. ñK
 �Õç�' 	áÓ ð Ω ú
�
Î« �ékñ�J 	®Ó ù
 ë @ �	X @
�

�é�JK. A
��K Q�
 	« g

�	à


@ A �Üß.

Yg. ñK
 @ �	X @
� z1 ∈ Ω,−g(z1) ∈ D(g(a), r) Yg. ñJ
 	̄ B
��
@
� ð ∀z ∈ Ω, |g(a) + g(z)| ≥ r

g(z) = −g(z1) = 0 @ �	X @
� z1 = z ø



@ g2(z) = g2(z1) = z1 − b = z − b @ �	X @
� z ∈ Ω, g(z) = −g(z1)

ÉJ
j���Ó @
�	Yë ð

ú
�
Í@
� Ω 	áÓ 	áK
A�J. �K ù
 ë φ(z) = h−h(a)

1−h(a)h
@ �	X @
� D(0, 1) ú

�
Í@
� Ω 	áÓ 	áK
A�J. �K ù
 ë h(z) = r

g(a)+g(z)

�éË @
��YË@

|φ′(a)|
φ′(a) φ ∈ F �Õç�' 	áÓ ð φ(a) = 0 ��

���®m��' ð D(0, 1)

�IJ
m�'. F 	áÓ �éªK. A
��J��JÓ (fn) 	áº�JË

lim
n→∞

f ′n(a) = sup{f ′(a); f ∈ F}

XA �Ò�J«A
�K. f
�éË @ �X 	áÓ Ω 	áÓ ��@ �Q��Ó

�
É¿ ú

�
Î« ÐA �	¢�J 	K A
�K.

�éK. PA ��®�JÓ �é�J

K� 	Qk. �éªK. A
��J��JÓ A�êÊ 	̄ �èXðYm× (fn)

�	à


@ A �Üß.

ð �éÊÓA ��� f
�	à



@ 	á��
J. 	JË f ∈ F

�	àA
�
	̄

f ′(a) 6= 0
�	à



@ A �Üß. 	áK
A�J. �K ù
 ë ð



@ �é�JK. A

��K f 	àñº�K 	à


@ A ��ÓA
�

	̄ �é �®K. A �� �é�K
Q 	¢	�
�IJ
m�'. Ω ú

�
Î« θ

�é�J
ÊJ
Êm�
�' �éË @ �X Yg. ñ�K @ �	X @
� ∀z ∈ Ω; f(z) 6= w �IJ
m�'. w ∈ D(0, 1) Yg. ñK
 B

��
@
�

ù
 ë ψ : Ω → D(0, 1) �éË @
��YË@ ψ = θ−θ(a)

1−θ(a)θ
YÒ�Jª 	JË 2θ′(a)θ(a) = f ′(a)(1− |w|2) @ �	X @
� , θ2 = f−w

1−wf

A�	JË ð ψ(a) = 0 ��
���®m��' ð Q 	£A�	J�K ©Ó 	áK
A�J. �JË ÉJ
�m��' A�î�	E



B 	áK
A�J. �K

|ψ′(a)| = | θ′(a)
1− |θ(a)|2 | = |f ′(a)

1 + |w|
2
√
|w| | > |f ′(a)|,

f
	­K
Qª�K 	��̄ A�	J�K ð F ú

�
Í@
� ù �Ò�J 	��K |ψ′(a)|

ψ′(a) ψ
�éË @

��YË@ @ �	X @
�
6) ⇒ 1)

@ �	X @
� A
�é¢�® 	K ©Ó ÈðA �j�JÓ 	àñºK
 A �ª¢�̄ �ÊÓ



@ Ω 	áÓ γ

��� Ê
	ªÓ ��ñ

�̄ �
É¿ �	àA
�

	̄ H.
�Ym× D(0, 1)

�	à


@ A �Üß.

Ω ú
�
Í@
�

�é�J
�A�	mÌ'@ è 	Yë È �ñm��' f−1 : D(0, 1) → Ω ú
ÎJ
Êm�
�' ÉK. A

��®�JË @ ÈA �Òª�J�A
�K.
Schwarz′s lemma 	Q�KP@ �ñ �� �é�K
YJ
êÖ

�ß �é�K
Q 	¢	�
�	àA
�

	̄ ∀z ∈ D(0, 1), |f(z)| ≤ 1 ð f(0) = 0 ��
���®m��' ú
ÎJ
Êm�

�' �éË @ �X f : D(0, 1) → C 	áº�JË
�I	KA

�
¿ ð



@ |f(z0)| = |z0| �IJ
m�'. z0 6= 0 Yg. ð 	à@
� ð |f ′(0)| ≤ 1 ð ∀z ∈ D(0, 1), |f(z)| ≤ |z|

∀z ∈ D(0, 1), f(z) = eiθz �IJ
m�'. R 3 θ Yg. ñ�K é�	KA
�
	̄ |f ′(0)| = 1

	àA �ëQK.
�éË @

��YË@

g(z) =





f(z)
z , z 6= 0

f ′(0) , z = 0
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D(0, 1) ÉÓA
�
¿ ú

�
Î« �éJ
ÊJ
Êm�

�' ù
 ë @ �	X @
� D(0, 1) ÉÓA
�
¿ ú

�
Î« �éÊ���JÓ ð D(0, 1) \ {(0, 0)} ú

�
Î« �éJ
ÊJ
Êm�

�' 	àñº�K
�	àA
�

	̄ ù �Ò 	¢ªË@ �éÒJ
�®Ë@ @
�
�YJ.Ó 	áÓ |g(z)| ≤ 1

r

�	àA
�
	̄ |z| = r ð 0 < r < 1 	àA

�
¿ @ �	X @
� .

z0 6= 0 Yg. ð 	à@
� ∀z ∈ D(0, 1), |g(z)| ≤ 1 ú
�
Î« É ��j�J 	K r → 1 ¼Q��K. ∀z ∈ D(0, r), |g(z)| ≤ 1

r

A �ëY	J« D(0, 1) É 	g@ �X ù �Ò 	¢ªË@ A�î �DÒJ
�̄ ú
�
Í@
� É��� g

�	àA
�
	̄ |f ′(0)| = 1 �I	KA

�
¿ ð



@ |f(z0)| = |z0| �IJ
m�'.

∀z ∈ D(0, 1), f(z) = eiθz �IJ
m�'. R 3 θ Yg. ñ�K @ �	X @
� 1 �é�®Ê¢ÖÏ @ A�î �DÒJ
�̄ �é�JK. A
��K g 	àñº�K

�é�K
Q 	¢	�
��
���®m�'
 YJ
kð a ∈ D(0, 1) Yg. ñK
 ð θ ∈ R Yg. ñ�K é�	K A
�

	̄ ú
ÎJ
Êm�
�' ÉK. A

��®�K f : D(0, 1) → D(0, 1) 	áº�JË

∀z ∈ D(0, 1), f(z) = eiθ z − a

1− az

	àA �ëQK.
��
���®m��' ð D(0, 1) P@ �ñm.�'.

�é�J
ÊJ
Êm�
�' ϕa

	àñº�K ∀a ∈ D(0, 1) é�	K A
�
	̄ ∀a ∈ D(0, 1), ϕa(z) = z−a

1−az
	áº�JË

∀θ ∈ R, |ϕa(eiθ)| = | eiθ − a

1− aeiθ
| = | eiθ − a

e−iθ − a
| = 1

�	à


@ A �Üß. ð �éJ
ÊJ
Êm�

�' 	àñº�K ϕa : D(0, 1) → D(0, 1) ù �Ò 	¢ªË@ �éÒJ
�®Ë @ @
�
�YJ.Ó 	áÓ

ϕa ◦ ϕ−a(z) = z = ϕ−a ◦ ϕa(z)

��
���®m�'
 D(0, 1) P@ �ñm.�'. ú
ÎJ
Êm�

�' ÉK. A
��®�K 	àñº�K ϕa

�	àA
�
	̄

ϕa(∂D(0, 1)) = ϕa(∂D(0, 1))

ÉK. A
��®�K 	àñºK
 h = ϕa ◦ f−1 A �ëY	J« a = f−1(0) ð ú
ÎJ
Êm�

�' ÉK. A
��®�K f−1 : D(0, 1) → D(0, 1) 	áº�JË

�éÊ�Ê�Ë@ �èY«A��̄ 	áÓ h ◦ g(z) = z A�	JË h �ñºªÓ ù
 ë g 	áº�JË h(0) = 0 ��
���®m�'
 D(0, 1) ú

�
Î« ú
ÎJ
Êm�

�'
�IJ
m�'. R 3 θ Yg. ñ�K 	Q�KP@ �ñ �� �é�K
YJ
êÖ

�ß 	áÓ g′(0) ≥ 1 ð


@ h′(0) ≥ 1 @ �	X @
� h′(0).g′(0) = 1

�IJ
m�'. R 3 θ Yg. ñ�K 	á�
�JËA�mÌ'@ C
�
¿ ú


	̄ ∀z ∈ D(0, 1), g(z) = eiθz ð


@ ∀z ∈ D(0, 1), h(z) = eiθz

@ �	X @
� f(w) = e−iθϕa(w) iJ.�J
 	̄
z = f(w) © 	�	� A �ëY	J« ∀z ∈ D(0, 1), ϕa ◦ f−1(z) = eiθz

∀z ∈ D(0, 1), f(z) = e−iθ z − a

1− az

Riemann mapping Theorem 	àA �Üß
P �é�K
Q 	¢	�
�èYJ
kð ú
ÎJ
Êm�

�' ÉK. A
��®�K Yg. ñK
 é�	KA
�

	̄
a ∈ Ω ð Ω 6= C �IJ
m�'. ¡�. @ �Q

���Ë @ ¡J
��. C 	áÓ ��A �¢	� Ω 	áºJ
Ë

f ′(a) > 0 ð f(a) = 0 ��
���®m�'
 f : Ω → D(0, 1)

	àA �ëQK.
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f = g′(a)
|g′(a)|g 	áº�JË g(a) = 0 ��

���®m�'
 g : Ω → D(0, 1) ú
ÎJ
Êm�
�' ÉK. A

��®�K Yg. ñK
 é�	K


@ 	¬Qª	K

f ′(a) > 0 ð f(a) = 0 ��
���®m�'
 ú
ÎJ
Êm�

�' ÉK. A
��®�K f : Ω → D(0, 1)

�	àA
�
	̄

	àñºK
 A �ëY	J« h′(a) > 0 ð h(a) = 0 ��
���®m�'
 ú
ÎJ
Êm�

�' ÉK. A
��®�K h : Ω → D(0, 1)

�	à


@ 	�Q�� 	® 	JË

@ �	X @
� (f ◦ h−1)′(0) > 0 ð f ◦ h−1(0) = 0 ��
���®m�'
 ú
ÎJ
Êm�

�' ÉK. A
��®�K f ◦ h−1 : D(0, 1) → D(0, 1)

f = h ø



@ ∀z ∈ D(0, 1), f ◦ h−1(z) = z

��J
J.¢��
ð θ ∈ R Yg. ñ�K é�	K A
�

	̄ ú
ÎJ
Êm�
�' ÉK. A

��®�K f : P+ → D(0, 1) ð P+ = {(x, y) ∈ R2 = C, y > 0} 	áºJ
Ë (1
��
���®m�'
 YJ
kð a ∈ P+ Yg. ñK


∀z ∈ P+, f(z) = eiθ z − a

z − a

�é�J
�®J
�®k X@ �Y«


@ Yg. ñ�K é�	KA
�

	̄ ú
ÎJ
Êm�
�' ÉK. A

��®�K f : P+ → P+ ð P+ = {(x, y) ∈ R2 = C, y > 0} 	áºJ
Ë (2
�IJ
m�'. ad− bc = 1 ��

���®m��' a, b, c, d

∀z ∈ P+, f(z) =
az − b

cz − d

Jensen Formula
	àA �� 	�K
 �é 	ªJ
�

m
�éJ. �KQË @ 	áÓ f

�éË @
��YÊË� Q 	®� ñë 0

�	à


@ 	�Q�� 	® 	JË B(0, r) ú

�
Î« ø
 ñ�Jm�'
 Ω ��A �¢	� ú

�
Î« �é�J
ÊJ
Êm�

�' �éË @ �X f 	áº�JË
�	àA
�

	̄ A�îD.�KP I. �k �è�QºÓ B(0, r) \ {0} ú

	̄ �èXñk. ñÖÏ @ f PA �	®�



@ ù
 ë {a1, .., an}

�	à


@ ð

log|f
(m)(0)
m!

|+ mlogr =
n∑

k=1

log|ak

r
|+ 1

2π

∫ 2π

0

log|f(reiθ|dθ

	àA �ëQK.
	àñº�K g = f

P

�éË @
��YË@ P (z) = (z − a1)..(z − an) 	áºJ
Ë , f(0) 6= 0 ø




@ m = 0

�	à


@ 	�Q�� 	® 	JË (1

�IJ
m�'. B(0, r) P@ �ñm.�'.
�é�J
ÊJ
Êm�

�' h Yg. ñ�K @ �	X @
� B(0, r) P@ �ñm.�'. PA �	®�


@ A�êË ��
Ë ð Ω ��A �¢�	JË @ ú

�
Î« �é�J
ÊJ
Êm�

�'

A�	JË ú
æ
��ñ» �HA�	JK
A�J. �JÓ 	áÓ log|g| = Reh ø




@ , eh = g

(∗) log|g(0)| = 1
2π

∫ 2π

0

log|g(reiθ|dθ

log|f(0)| − log|a1|..|an| = 1
2π

∫ 2π

0
log|f(reiθ|dθ − 1

2π

∫ 2π

0
log|P (reiθ|dθ ø




@

1
2π

∫ 2π

0
log|P (reiθ|dθ =

∑n
k=1

1
2π

∫ 2π

0
log|(reiθ − ak|dθ A�	JË

1
2π

∫ 2π

0
log|(reiθ − ak|dθ = logr + 1

2π

∫ 2π

0
log|1− |ak|

r eiθ|dθ = logr
�	à



@ A �Üß. ð
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ú
�
Î« É ��j�J 	K g(z) = 1− z, r′ = |ak|

r < 1 �IJ
k (∗) A�	J �®�J.£ @ �	X @
� é�	K


@ ½Ë 	X

XQ �¢ÖÏ @ H. PA ��®��JË @ 	áÓ ½Ë 	Y» ð 1
2π

∫ 2π

0
log|1− |ak|

r eiθ|dθ = 0
∫ 2π

0
log|1− eiθ|dθ = limn→∞ ∫ 2π

0 log|1+ 1
n−eiθ|dθ = 0

@ �	X @
�

log|f(0)|+ mlogr =
n∑

k=1

log|ak

r
|+ 1

2π

∫ 2π

0

log|f(reiθ|dθ

�	àA
�
	̄

m
�éJ. �KQË @ 	áÓ f

�éË @
��YÊË� Q 	®� ñë 0 	àA

�
¿ @ �	X @
� A ��Ó



@ (2

k(z) =





f(z)
zm , z 6= 0

f(m)(0)
m! , z = 0

��
���®m��' ð �é�J
ÊJ
Êm�

�' 	àñº�K

+
1
2π

∫ 2π

0

log|k(reiθ|dθ =
1
2π

∫ 2π

0

log|f(reiθ|dθ −m log r

i. �J 	�K
 k ú
�
Î« ú

�
Íð



B@ �éÊgQÖÏ @ ���J.¢ 	�

log|f
(m)(0)
m!

|+ mlogr =
n∑

k=1

log|ak

r
|+ 1

2π

∫ 2π

0

log|f(reiθ|dθ
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ú


G� A

�î 	EC
��
Ë @ Z @ �Ym.Ì'@

	­K
Qª�K

�I	KA
�
¿ @ �	X @
� ¡�® 	̄ ð @ �	X @
� P 	áÓ H. PA ��®�JÓ

∞∏
n=1

an ú


G� A

�î 	EC
��
Ë @ Z @ �Ym.Ì'@ �	à



@ Èñ�® 	K C 	áÓ �éªK. A

��J��JÓ (an) 	áº�JË
∞∏

n=1

an = P I. �Jº	K A �ëY	J« P 	áÓ �éK. PA ��®��JÓ (
p∏

n=1

an)p∈N
�éªK. A

��J��JÖÏ @

�éÊ�JÓ


@

H. PA ��®�JK
 B
�

ú


G� A

�î 	EC
��
Ë @ Z @ �Ym.Ì'@ @

�	Yë @ �	X @
� (
p∏

n=1

an) = p + 1
�	àA
�

	̄
an = 1 + 1

n
�I	KA

�
¿ @ �	X @
� (1

Z@ �Ym.Ì'@ @
�	Yë @ �	X @
� (

p∏
n=1

an) =
p + 1
2p

�	àA
�
	̄ ∀n > 1, an = 1− 1

n2 = (n−1)(n+1)
n2 ð a1 = 1 �I	KA

�
¿ @ �	X @
� (2

1
2

	áÓ H. PA ��®�JK
 ú


G� A

�î 	EC
��
Ë @

�é 	¢kC
�
Ó

 Qå��Ë @ @
�	Yë �	à



@ 	á��
J. K
 È �ð



B@ ÈA

��JÖÏ @ lim
p→∞

ap = lim
p→∞

∏p
n=1 an∏p−1
n=1 an

= 1
�	àA
�

	̄ ∞∏
n=1

an = P 6= 0 	àA
�
¿ @ �	X @
�

	¬A
�
¿ Q�
 	« 	áºË ð �ø
 PðQå 	�

�é�K
Q 	¢	�
I. �k C∗ ú

�
Î« 	¬QªÖÏ @ ú
æ�A ��



B@ Õç�'PA �	«ñ

�
Ë @ log 	áºJ
Ë

log(z) = log|z|+ iarg(z);−π < arg(z) ≤ π

�éK. PA ��®�JÓ ∑
Log(an) �I	KA

�
¿ 	à@
�

∞∏
n=1

an = P 6= 0
�	àA
�

	̄ C 	áÓ �éªK. A
��J��JÓ an ð

	àA �ëQK.
@ �	X @
� lim

p→∞

p∑
n=1

Log(an) = S ø



@ S 	áÓ �éK. PA ��®�JÓ ∑

Log(an)
�	à



@ 	�Q�� 	® 	JË

lim
p→∞

e
∑p

n=1 Log(an) = lim
p→∞

p∏
n=1

an = eS

	àA
�
¿ @ �	XA
�

	̄ ú

	G A

���JË @ è A�m.�
��'B
� @ A ��Ó



@
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lim
p→∞

p∏
n=1

an = lim
p→∞

e
∑p

n=1 Log(an) = P 6= 0

�	à


@ A �Üß. . f éJ
�Ò�	� Õç�'PA �	«ñÊË� É���JÓ 	á��
ª�K Yg. ñK
 D(P, ε) ú

�
Î« �IJ
m�'. ε > 0 Yg. ñK
 é�	KA
�

	̄

lim
p→∞

p∏
n=1

an = lim
p→∞

e
∑p

n=1 Log(an) = P

@ �	X @
�
∃kp ∈ Z; f(

p∏
n=1

an) =
p∑

n=1

Log(an) + 2ikpπ

�	àA
�
	̄ �éÊ���JÓ f

�	à


@ A �Üß.

0 = lim
p→∞

[f(
p+1∏
n=1

an)− f(
p∏

n=1

an)] = lim
p→∞

logap+1 + (2ikp+1 − 2ikp)π

@ �	X @
�
∃n0 ∈ N, p ≥ n0 ⇒ 2ikp+1 = 2ikp = 2ikn0

@ �	X @
�
lim

p→∞

p∑
n=1

Log(an) = f(P )− 2ikn0π

�é�K
Q 	¢	�
∑ |an| �I	KA

�
¿ @ �	X @
� ¡�® 	̄ ð @ �	X @
�

�éK. PA ��®�JÓ 	àñº�K ∑ |Log(an + 1)| �	àA
�
	̄ <eal(an) > −1

�	à


@ 	�Q�� 	® 	JË

�éK. PA ��®�JÓ
	àA �ëQK.

PñÊJ
�K ¼ñº 	®Ó 	áÓ

∀|z| < 1, Log(1 + z) =
∞∑

n=1

(−1)n+1 zn

n

@ �	X @
�
|z| − |z|2

2(1− |z|) ≤ |Log(1 + z)| ≤ |z|+ |z|2
2(1− |z|)

@ �	X @
�
∀|z| < 1

2
,
|z|
2
≤ |Log(1 + z)| ≤ 3

2
|z|

@ �	X @
� lim
n→∞

|an| = 0
�	àA
�

	̄ ∑ |Log(1 + an)| < ∞ ð


@ ∑ |an| < ∞ 	á�
�JËA�mÌ'@ A��JÊ¿ ú


	̄
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∃n0 ∈ N, n ≥ n0 ⇒ |an|
2

≤ |Log(1 + an)| ≤ 3
2
|an|

�éK. PA ��®�JÓ ∑ |an| �I	KA
�
¿ 	à@
� ¡�® 	̄ ð 	à@
�

�éK. PA ��®�JÓ 	àñº�K ∑ |Log(an + 1)| �	àA
�
	̄ �é 	KPA ��®ÖÏ A�K. ð

��J
J.¢��
A�	KY 	J« D(0, R) ú

�
Î« ∑ | z

k2 | < ∞ ð �éjJ
m�� È@ �ð �X Pn
�	àA
�

	̄
Pn(z) =

∏n
k=1(1− z

k2 ) 	áºJ
Ë
�éjJ
m�� �éË @ �X 	áÓ H. PA ��®�J��K ú
æê 	̄ �Õç�' 	áÓ ð ��@�Q��Ó

�
É¿ ú

�
Î« �èXðYm× (Pn) @ �	X @
� |Pn(z)| ≤ ∏n

k=1(1 + R
k2 )

�é¢J
��. PA �	®�


@ A�ê

�
Ê¿ ù
 ë ð {k2, k ∈ N} ù
 ë A �ëPA �	®�



@ g

�é�K
Q 	¢	�
∑ |1− fn| ð fn 6= 0 �IJ
m�'. Ω ú

�
Î« �é�J
ÊJ
Êj

��JË @ È@ �ð �YË@ 	áÓ �éªK. A
��J��JÓ (fn) ð C 	áÓ ��A �¢	� Ω 	áºJ
Ë

�	àA
�
	̄ Ω 	áÓ ��@ �Q��Ó

�
É¿ ú

�
Î« ÐA �	¢�J 	K A
�K. H. PA ��®�J��K

Q 	®�» a
�éJ. �KP ð g(a) = 0 ⇔ ∃n ∈ N, fn(a) = 0 ��

���®m��' Ω ú
�
Î« �é�J
ÊJ
Êm�

�' �éË @ �X 	àñº�K g(z) =
∏∞

k=1 fn

fn È@ �ð �YÊË� Q 	®�» a I. �KP ¨ñÒm.× ù
 ë g
�éË @ �YÊË�

	àA �ëQK.
�@�Q��Ó

�
É¾Ë �Õç�' 	áÓ ð �éÊ���JÓ 	àñº�K h

�	àA
�
	̄

h
�éË @ �X 	áÓ ÐA �	¢�J 	KA
�K. H. PA ��®�J��K ∑ |1− fn|

�	à


@ A �Üß.

XA �Ò�J«A
�K. @ �	X @
� sup
z∈K

|1− fn(z)| ≤ 1
2

�	àA
�
	̄

n0
�é 	J�J
ªÓ �éJ. �KP 	áÓ A��̄C

�
¢	� @
� K ⊂ Ω,∃M > 0, sup

z∈K
h(z) ≤ M

�èXðYm× ù
 ë ð Ω ú
�
Î« H. PA ��®�J��K Fp =

∏p
n=1 fn @ �	X @
� K ú

�
Î« �èXðYm× 	àñº�K ∑∞

n=n0
|logfn| �é 	KPA ��®ÖÏ @ ú

�
Î«

Ω ú
�
Î« F

�é�J
ÊJ
Êm�
�' �éË @ �X 	áÓ �@�Q��Ó

�
É¿ ú

�
Î« ÐA �	¢�J 	KA
�K. H. PA ��®�J��K (Fp) ÈA��J 	JÓ �é�K
Q 	¢	� XA �Ò�J«A
�K. �@ �Q��Ó

�
É¿ ú

�
Î«

n0∏
1

fn PA �	®�


@ ¡J. 	�ËA�K. ù
 ë

∞∏
1

fn PA �	®�


@ K ú

�
Î« @ �	X @
�

∞∏
n0

fn(z) = e
∑∞

n=n0
logfn(z) 6= 0 A�	JË K ú

�
Î«

Weierstrass′s Factors �@�Q���@ �QK
ð ÉÓ@ �ñ«
	­K
Qª�K

�éJ
ËA
���JË @ È@ �ðYË@ ø �Yg@
� ù
 ë �@ �Q���@ �QK
ð ÉÓ@ �ñ«

E0(z) = (1− z), En(z) = (1− z)ez+ z2
2 +..+ zn

n n ∈ N
�é�K
Q 	¢	�

�	àA
�
	̄ |z| ≤ 1

�
É¾Ë ð n ∈ N

�
É¾Ë

|1− En(z)| ≤ |z|n+1

	àA �ëQK.
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�	àA
�
	̄

E′
n(z) = −znez+ z2

2 +..+ zn

n
�	à



@ A �Üß.

En(z)− En(0) =
∫

[0,z]

E′
n(w)dw =

∫ 1

0

zE′
n(tz)dt = −zn+1

∫ 1

0

tnetz+
(tz)2

2 +..+
(tz)n

n dt

@ �	X @
�
|En(z)−En(0)| ≤ |zn+1|

∫ 1

0

tnet+
(t)2

2 +..+
(t)n

n dt = |zn+1|
∫ 1

0

−E′
n(t)dt = |zn+1||En(1)−En(0)| = |zn+1|

�é�K
Q 	¢	�
r > 0

�
É¾Ë �IJ
m�'. N 	áÓ �éªK. A

��J��JÓ (pn) 	áº�JË ð lim
n→∞

|an| = ∞ ��
���®m��' C∗ 	áÓ �éªK. A

��J��JÓ (an) 	áº�JË
{an, n ∈ N} ù
 ë A �ëPA �	®�



@ �éjJ
m�� �éË @ �X 	áÓ H. PA ��®�JK


∏
Epn( z

an
)

�	àA
�
	̄ �éK. PA ��®��JÓ ∑

( r
|an| )

1+pn 	àñº�K
	àA �ëQK.

�	àA
�
	̄

z ∈ D(0, r)
�

É¾Ë r > 0 	áºJ
Ë
|1− Epn(

z

an
)| ≤ | z

an
|1+pn ≤ (

r

rn
)1+pn

�é�K
Q 	¢�	JË @ 	áÓ @ �	X @
� D(0, r) ú
�
Î« ÐA �	¢�J 	K A
�K. H. PA ��®�J��K ∑ |1− Epn( z

an
)| �	àA
�

	̄ �éK. PA ��®��JÓ ∑
( r

rn
)1+pn

�	à


@ A �Üß. ð

{an, n ∈ N} ù
 ë A �ëPA �	®�


@ ð �éjJ
m�� ∏

Epn( z
an

) �é�®K. A ���Ë@

Weierstrass Factorization theorm
�é�K
Q 	¢	�

mn
	áº�JË ð Ω É 	g@ �X Õ» @ �Q�K �é¢�® 	K A�êË ��
Ë Ω ⊂ C ��A �¢	� 	áÓ �é 	®Ê�J	m×  A ��® 	K 	áÓ �éªK. A

��J��JÓ (an) 	áº�JË
	áÓ f

�éË @ �YÊË� Qº 	®� an
	àñºK
 n ∈ N

�
É¾Ë �IJ
m�'. Ω ú

�
Î« f

�é�J
ÊJ
Êm�
�' �éË @ �X Yg. ñ�K é�	K A
�

	̄ N 	áÓ �éªK. A
��J��JÓ

mn
�éJ. �KQË @

	àA �ëQK.
ú


�æË@ (bn) �éªK. A
��J��JÖÏ @ YÒ�Jª 	JË Õ» @ �Q�K �é¢�® 	K A�êË (an)

�	à


@ ½Ë 	X Ω 6= C @ �	X @
�

�èXðYm× (an)
�	à



@ 	�Q�� 	® 	JË (1

�@�Q��Ó K 	áºJ
Ë bn − cn = inf
c/∈Ω

|bn − c| �IJ
m�'. cn /∈ Ω 	áºJ
Ë ð �èQÓ mn an

�
É¿ P@ �Qº�JK. A�îD
Ê« É�j�J 	K

�	à


@ A �Üß. dK = d(K, Ωc) ð Ω 	áÓ

lim
n→∞

|bn − cn| = 0

é�	K A
�
	̄ Ω ú


	̄ Õ» @ �Q�K �é¢�® 	K A�êË 	àñºK
 (bn) B
�
@
� ð

∃N ∈ N, ∀z ∈ K∀n ≥ N,
|bn − cn|
|z − cn| ≤

|bn − cn|
dK

≤ 1
2

@ �	X @
�
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|1− En(
bn − cn

z − cn
)| ≤ (

1
2
)n+1

��
���®m��' f

�éË @ �X 	áÓ �@�Q��Ó
�

É¿ ú
�
Î« ÐA �	¢�J 	KA
�K. H. PA ��®�J��K fp(z) =

∏p
n=1 En( bn−cn

z−cn
) @ �	X @
�

f(z) = 0 ⇔ ∃n ∈ N, En(
bn − cn

z − cn
) = 0 ⇔ ∃n ∈ N, z = bn

�IJ
m�'. R > 0 Yg. ñJ
 	̄ lim
n→∞

|bn − cn| = 0 ð �èXðYm× (bn)
�	à



@ A �Üß.

∀n ∈ N, |bn| < R, |cn| < R

@ �	X @
�
∀|z| ≥ 5R, |1− En(

bn − cn

z − cn
) ≤ (

2R

4R
)n+1 ≤ (

1
2
)n+1

�Õç�' 	áÓ ð {z ∈ C, |z| ≥ 5R} ú
�
Î« ÐA �	¢�J 	K A
�K. H. PA ��®�J��K fp(z) =

∏p
n=1 En( bn−cn

z−cn
) @ �	X @
�

lim
|z|→∞

f(z) = lim
p→∞

lim
|z|→∞

fp(z) = 1

ε > 0 Yg. ñK
 @ �	X @
� b ∈ Ω \ {an, n ∈ N} 	Y 	g


A 	K ð ��J.� A �Ò» (bn) ú


	æJ. 	J 	̄ �èXðYm× Q�
 	« (an) �I	KA
�
¿ @ �	X @
� A ��Ó



@

ú

	̄ Õ» @ �Q�K �é¢�® 	K A�êË ��
Ë ð �èXðYm× g(bn) �éªK. A

��J��JÖÏ @ g(z) = 1
z−b

	áº�JË ∀ ∈ N, |bn − b| > ε �IJ
m�'.
g(bn) ¡J. 	�ËA�K. ù
 ë A �ëPA �	®�



@ g(Ω \ {b}) ú

�
Î« f1

�é�J
ÊJ
Êm�
�' �éË @ �X Yg. ñ�K ú

�
Íð



B@ �éÊgQÖÏ @ 	áÓ @ �	X @
� g(Ω \ {b})

��
���®m��' ð Ω \ {b} ú

�
Î« �é�J
ÊJ
Êm�

�' f 	àñº�K f(z) = f1 ◦ g(z) 	áº�JË lim
|z|→∞

f1(z) = 1 ð
lim
z→b

f(z) = 1

Ω ú
�
Î« �é�J
ÊJ
Êm�

�' f @ �	X @
�	­K
Qª�K
A�êË ��
Ë Ω 	áÓ �é 	®Ê�J	m×  A ��® 	K 	áÓ (an) �éªK. A

��J��JÓ �HYg. ð 	à@
� Ω ⊂ C hñ�J 	®Ó ú
�
Î« �é�J
 	̄QÓðQ�
Ó f

�	à


@ Èñ�® 	K

I. ¢�̄ ñë an
�	àA
�

	̄
n ∈ N

�
É¾Ë ð Ω \ {an, n ∈ N} ú

�
Î« �é�J
ÊJ
Êm�

�' 	àñº�K f �IJ
m�'. Ω É 	g@ �X Õ» @ �Q�K �é¢�® 	K
f

�éË @ �YÊË�
�é�K
Q 	¢	�

hñ�J 	®ÖÏ @ ú
�
Î« g ð h 	àA��J�J
ÊJ
Êm�

�' 	àA��JË @ �X �HYg. ð 	à@
� ¡�® 	̄ ð 	à@
� Ω ⊂ C hñ�J 	®ÖÏ @ ú
�
Î« �é�J
 	̄QÓðQ�
Ó f 	àñº�K

f = g
h

�IJ
m�'. Ω

	àA �ëQK.
an

�IJ
m�'. Ω ú
�
Î« g

�é�J
ÊJ
Êm�
�' �éË @ �X �é�®K. A ���Ë@ �é�K
Q 	¢�	JË @ 	áÓ Yg. ñ�K , f

�éË @ �YÊË� I. ¢�®» an
�éJ. �KP ù
 ë mn

	áº�JË
f = h

g
�Õç�' 	áÓ ð Ω ú

�
Î« h

�é�J
ÊJ
Êm�
�' �éË @ �Y» A �ëYK
YÖ �ß 	áºÖß
 g.f @ �	X @
� mn

�éJ. �KQË @ 	áÓ g
�éË @ �YÊË� Q 	®� ñë
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	áK
PA �Ü �ß
ÈðB

�
@ 	áK
QÒ�JË @

ð �éK. PA ��®�JÓ 	àñº�K
∞∑
1

(1− |an|2) �IJ
m�'. D(0, 1)∗ 	áÓ (an) �éªK. A
��J��JÓ Yg. ð



@ (1

{z ∈ C, |z| = 1} ⊂ {ak, k ∈ N}

|fp(z)| < 1,∀|z| < 1 ��
���®m��' fp =

p∏
n=1

(
z − an

z − 1
ān

)
�	à



@ 	á��
K. (2

ð {ak, k ∈ N} ù
 ë A �ëPA �	®�


@ D(0, 1) ú

�
Î« f

�é�J
ÊJ
Êm�
�' �éË @ �X Yg. ñ�K é�	K



@ i. �J 	J���@
� (3

∀|z| < 1, |f(z)| < 1

g PA �	®�


@ {yk, k ∈ N} 	áº�JË ð g(0) 6= 0 ��

���®m��' D(0, 1) ú
�
Î« �èXðYm× ð �é�J
ÊJ
Êm�

�' �éË @ �X g 	áº�JË (4
�éK. PA ��®�JÓ

∑

n≥0

(1− |yn|2)
�	àA
�

	̄ �Õç�' 	áÓ ð �éK. PA ��®�JÓ
∑

n≥0

Log(|yn|)
�	à



@ 	á��
K.

�éË @ �Y» A �ëYK
YÖ �ß 	áºÖß
 B
� �èXðYm× �é�J
ÊJ
Êm�

�' �éË @ �X Yg. ñ�K Ω ¡�. @ �Q��Ë @ ¡J
��. ��A �¢	�
�

É¿ ú
�
Î« é�	K



@ i. �J 	J���@
� (5

iJ
m�� �ºªË@ Éë Ω 	áÓ Q�.»


@ C 	áÓ ��A �¢	� ú

�
Î« �é�J
ÊJ
Êm�

�'

ú

	GA

���JË @ 	áK
QÒ�JË @
Q�
 	« �éË @ �X 	áÓ H. PA ��®�J��K ∏

fn
�IJ
m�'. Ω ú

�
Î« �é�J
ÊJ
Êj

��JË @ È@ �ð �YË@ 	áÓ �éªK. A
��J��JÓ fn ð C 	áÓ ��A �¢	� Ω 	áºJ
Ë

f
�é�K
Q 	®�

�	à


@ 	á��
K. (1

f ′

f
=

∑ f ′n
fn

{z ∈ Ω, f(z) 6= 0} 	áÓ ��@ �Q��Ó
�

É¿ ú
�
Î« ÐA �	¢�J 	K A
�K.

	àñºK
 H. PA ��®��JË @ ð
��
���®m��' �éjJ
m�� g

�éË @ �X Yg. ñ�K é�	K


@ 	á��
K. (2

∀z ∈ C, sinπz = eg(z)z

∞∏
n=1

(1− z2

n2
)

�	à


@ 	á��
K. (3

πcotanπz =
1
z

+
∞∑

n=1

2z

z2 − n2

�	à


@ i. �J 	J���@
� (4
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∀z ∈ C, sinπz = πz

∞∏
n=1

(1− z2n2)

�	à


@ 	á��
K. (5

∀z ∈ C, cosπz =
∞∏

n=1

(1− 4z2

(2n− 1)2
)

Mittag − Leffler
�é�K
Q 	¢	�

�éªK. A
��J��JÓ Pn

	áº�JË ð Ω ú

	̄ Õ» @ �Q�K �é¢�® 	K A�êË ��
Ë Ω ⊂ C hñ�J 	®Ó 	áÓ �é 	®Ê�J	m×  A ��® 	K 	áÓ �éªK. A

��J��JÓ an
	áº�JË

ú
�
Î« �é�J
ÊJ
Êm�

�' ð Ω ú
�
Î« �é�J
 	̄PñÓðQ�
Ó �éË @ �X Yg. ñ�K é�	KA
�

	̄
Pn(0) = 0 ��

���®m��' XðYg �H@ �Q�
�J» 	áÓ
an P@ �ñm.�'.

�é�J
ÊJ
Êm�
�' f − Pn( 1

z−an
) 	àñº�K n ∈ N

�
É¾Ë �IJ
m�'. Ω \ {an, n ∈ N}
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�é�J
�® 	̄ @ �ñ��JË @ È@ �ð �YË@
	­K
Qª�K

�I�®
���®m��' 	à@
� Ω ú

�
Î« �é�J
�® 	̄ @ �ñ�K U

�éË @
��YË@ �	à



@ Èñ�® 	K C2 ¨ñ	K 	áÓ �éË @ �X U : Ω → R ð C 	áÓ hñ�J 	®Ó Ω 	áºJ
Ë

�éJ
ËA
���JË @ �éËXA �ªÖÏ @ Ω ú

�
Î«

∂2U

∂x2
+

∂2U

∂y2
= 0

�éÊ�JÓ


@

Ω h
�

ñ�J 	®Ó ú
�
Î« �é�J
ÊJ
Êm�

�' �éË @ �X f 	áº�JË
f(x, y) = f(x + iy) = U(x, y) + iV (x, y) = (U(x, y), V (x, y))

�	àA
�
	̄ (x, y) Y	J« (Cauchy −Riemann equations) 	àA �Üß
P úæ���ñ» �HB

�
XA �ªÓ 	áÓ

∂U

∂x
(x, y) =

∂V

∂y
(x, y) ,

∂U

∂y
(x, y =

−∂V

∂x
(x, y)

∂2U
∂x2 + ∂2U

∂y2 = 0 @ �	X @
�
∂2U
∂y2 = −∂2V

∂x∂y ð ∂2U
∂x2 = ∂2V

∂x∂y @ �	X @
�
�é�J
ÊJ
Êm�

�' �éË @ �YË �é�J
�®J
�®k �éÒJ
�̄ ù
 ë �é¢�® 	K
�

É¿ P@ �ñm.�'. A�î�	E


B C∗ ú

�
Î« �é�J
�® 	̄ @ �ñ�K 	àñº�K Log|z| 	àñº�K C

��JÔ 	̄

C \ iR+ ú
�
Î« Log|z| = Re(logπ

2
z) ð C \ R− ú

�
Î« Log|z| = Re(logπz)

�é�K
Q 	¢	�
@ �	X @
� ¡�® 	̄ ð @ �	X @
� Ω ú

�
Î« �é�J
�® 	̄ @ �ñ�K 	àñº�K U

�	àA
�
	̄

U : Ω → C ð ¡�. @ �Q
���Ë @ ¡J
��. C 	áÓ ��A �¢	� Ω 	áºJ
Ë

U = Re(f) ��
���®m��' Ω ú

�
Î« f

�é�J
ÊJ
Êm�
�' �éË @ �X �HYg. ð

	àA �ëQK.
ÈA

��JÖÏ @ ð 	àA �Üß
P úæ���ñ» �HB
�
XA �ªÓ 	áÓ 	¬Qª	K Ω ú

�
Î« �é�J
ÊJ
Êm�

�' �éË @ �X f �I	KA
�
¿ ð C 	áÓ A �gñ�J 	®Ó Ω 	àA

�
¿ @ �	X @
�

. ¡�. @ �Q
���Ë @ ¡J
��. Ω 	áºK
 ÕË ð ú

���æk Ω ú
�
Î« �é�J
�® 	̄ @ �ñ�K 	àñº�K U = Re(f)

�	à


@ ��K. A ���Ë@

	¬�Qª	J 	̄ �é�J
 �® 	̄ @ �ñ�K �éË @ �X U : Ω → C �I	KA
�
¿ @ �	X @
� A ��Ó



@

h(x + iy) =
∂U

∂x
(x, y)− i

∂U

∂y
(x, y)

�	à


@ 	¡kC

� 	K ½Ë 	Y» ð ∂P
∂y (x, y = −∂R

∂x (x, y)
�	à



@ 	¡kC

� 	K R = −∂U
∂y (x, y) = ð P = ∂U

∂x (x, y) 	áº�JË
Ω ú

�
Î« �é�J
ÊJ
Êm�

�' �éË @ �X h @ �	X @
�
	àA �Üß
P úæ���ñ» �HB

�
XA �ªÓ ��

���®m��' h @ �	X @
�
∂P
∂x (x, y) = ∂2U

∂x2 = −∂2U
∂y2 = ∂R

∂y (x, y)

A�	JË . Ω ú
�
Î« F É�



@ A�êË h

�	àA
�
	̄ ¡�. @ �Q

���Ë @ ¡J
��. Ω
�	à



@ A �Üß.
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h(x + iy) = ∂U
∂x (x, y)− i∂U

∂y (x, y) = F ′ = ∂Re(F )
∂x (x, y) + i∂Im(F )

∂x (x, y)

��
���®m�'
 c ∈ R �IK. A

��K Yg. ñK
 A �Ò�Jm 	̄ ∂U
∂y (x, y) = ∂Re(F )

∂y (x, y) ð ∂U
∂x (x, y) = ∂Re(F )

∂x (x, y) @ �	X @
�
U = Re(F + c)

��
���®m��' Ω ú

�
Î« f

�é�J
ÊJ
Êm�
�' �éË @ �X Yg. ñ�K B

� 	áºË ð C∗ ú
�
Î« �é�J
�® 	̄ @ �ñ�K 	àñº�K Log|z| �	à



@ A�	JK




@P

. �éJ
ËA
���JË @ �é�K
Q 	¢�	JË @ èY

�
»



A�K A �Ò» ¡�. @ �Q

���Ë @ ¡J
��. Q�
 	« C∗ �	à


@ ñë I.

��. ���Ë@ ð Log|z| = Re(f)

�é�K
Q 	¢	�
Yg. ñ�K Ω ú

�
Î« �é�J
�® 	̄ @ �ñ�K U

�éË @ �X
�

É¾Ë @ �	X @
� ¡�® 	̄ ð @ �	X @
� ¡�. @ �Q
���Ë @ ¡J
��. 	àñºK
 Ω

�	àA
�
	̄ C 	áÓ ��A �¢	� Ω 	áºJ
Ë

U = Re(f) ��
���®m��' Ω ú

�
Î« f

�é�J
ÊJ
Êm�
�' �éË @ �X

	àA �ëQK.
é�	K A
�

	̄ ¡�. @ �Q
���Ë @ ¡J
��. Q�
 	« C 	áÓ ��A �¢	� Ω 	àA

�
¿ @ �	X @
� ñë ð Yg@ �ð èA�m.�

��' @
�
�HA�J. �K @
� ù


�®K. �é�®K. A ���Ë@ �é�K
Q 	¢�	JË @ PA�J. �J«A
�K.
U = Re(f) ��

���®m��' Ω ú
�
Î« f

�é�J
ÊJ
Êm�
�' �éË @ �X Yg. ñ�K B

�
ð Ω ú

�
Î« �é�J
�® 	̄ @ �ñ�K U

�éË @ �X Yg. ñ�K

A �ëY	J« Ω ú

	̄ É�



@ A�êË ��
Ë 1

z−a
�IJ
m�'. a ∈ Ωc Yg. ñ�K é�	K A
�

	̄ ¡�. @ �Q
���Ë @ ¡J
��. Q�
 	« C 	áÓ ��A �¢	� Ω 	àA

�
¿ @ �	X @
�

Log|z − a| = Re(f) ��
���®m��' Ω ú

�
Î« f

�é�J
ÊJ
Êm�
�' �éË @ �X �HYg. ð ñË Ω ú

�
Î« �é�J
�® 	̄ @ �ñ�K 	àñº�K Log|z − a|

f ′(z) = ∂Log|z−a|
∂x − i∂Log|z−a|

∂y
	àA

�
¾Ë

@ �	X @
� Log|z − a| = 1
2 log[(x− α)2 + (y − β)2]

�	àA
�
	̄

a = (α, β) ð z = (x, y)
�	à



@ 	�Q�� 	® 	JË

	��̄ A�	J�K @
�	Yë ð . f ′(z) = ∂Log|z−a|

∂x − i∂Log|z−a|
∂y = x−α

(x−α)2+(y−β)2 − i (y−β)
(x−α)2+(y−β)2 = 1

z−a�é�K
Q 	¢	�
ú

�
Î« f

�é�J
ÊJ
Êm�
�' �éË @ �X Yg. ñ�K z ∈ Ω

�
É¾Ë é�	KA
�

	̄ Ω ú
�
Î« �é�J
�® 	̄ @ �ñ�K �éË @ �X U ð C 	áÓ ��A �¢	� Ω 	áºJ
Ë

B(z, d(z, Ωc)) ú
�
Î« U = Re(f) ��

���®m��' B(z, d(z, Ωc))

A�	JË r < d(z, Ωc)
�

É¾Ë ð

U(z) =
1
2π

∫ 2π

0

U(z + reit)dt

	àA �ëQK.
��
���®m��' B(z, d(z, Ωc)) ú

�
Î« f

�é�J
ÊJ
Êm�
�' �éË @ �X Yg. ñ�K é�	K A
�

	̄ ¡�. @ �Q
���Ë @ ¡J
��. B(z, d(z, Ωc))

�	à


@ A �Üß.

f(z) = 1
2iπ

∫
γ(0,r)

f(w)
w−z dw = 1

2π

∫ 2π

0
f(z + reit)dt ú
æ

��ñ» 	áÓ A�	JË B(z, d(z, Ωc)) ú
�
Î« U = Re(f)

U(z) = 1
2π

∫ 2π

0
U(z + reit)dt A�	JË �é�J
�®J
�®mÌ'@ Õæ


�®Ë @ PA�J. �J«A
�K. @ �	X @
�
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�é�K
Q 	¢	�
U(z0) = sup{U(z); z ∈ Ω} ��

���®m�'
 z0 ∈ Ω Yg. ð 	à@
� Ω ú
�
Î« �é�J
�® 	̄ @ �ñ�K �éË @ �X U ð C 	áÓ ��A �¢	� Ω 	áºJ
Ë

Ω ú
�
Î« �é�JK. A

��K 	àñº�K U
�éË @ �YË@ �	àA
�

	̄

	àA �ëQK.
�éË @

��YË@ @ �	X @
� B(z0, d(z0, Ωc) ú
�
Î« U = Re(f) ��

���®m��' B(z0, d(z0, Ωc) ú
�
Î« f

�é�J
ÊJ
Êm�
�' �éË @ �X Yg. ñ�K

ð B(z0, d(z0, Ωc) ú
�
Î« �é�JK. A

��K ù
 ë @ �	X @
� z0
�é�J
Ê 	g@ �X ¡�® 	K Y 	J« ù �Ò 	¢ªË@ A�î �DÒJ
�̄ ú

�
Í@
� É��� F = ef �é�J
ÊJ
Êj

��JË @
c �IK. A

��K ø
 ðA ���� U
�éË @

��YË@ B(z0, d(z0, Ωc) ú
�
Î« �	àA
�

	̄ �Õç�' 	áÓ

A �gñ�J 	®Ó A 	àñºK
 	­K
Qª��JË @ 	áÓ . c �IK. A
��JË @ @

�	Yë ø
 ðA ���� U A �ëP@ �ñm.�'. ú

�æ
�
Ë @ Ω 	áÓ  A ��®�	JË @ �é«ñÒm.× A 	áº�JË

Ω 3 z 	áÓ H. PA ��®�J��K A 	áÓ (zn) �éªK. A
��J��JÓ 	Y 	g



A 	K Ω 	áÓ ��Ê 	ªÓ é�	K



@ �IJ. �� 	K ú
» z0 ú

�
Î« ø
 ñ�Jm�'
 Ω 	áÓ

�éJ. �KP 	áÓ A��̄C
�
¢	� @
� . B(z, d(z, Ωc)) ú

�
Î« U = Re(g) ��

���®m��' B(z, d(z, Ωc)) ú
�
Î« g

�é�J
ÊJ
Êm�
�' �éË @ �X Yg. ñ�K

ú
�
Î« �IK. A

���JË @ � 	® 	K ù
 ë @ �	X @
� zn P@ �ñm.�'.
�é�JK. A

��K eg 	àñº�K ��J.� A ��ÜØ� ð zn ∈ B(z, d(z, Ωc)) A�	JË �é 	J�J
ªÓ
z ∈ A

�	àA
�
	̄ �Õç�' 	áÓ ð B(z, d(z, Ωc))

A = Ω @ �	X @
� Ω ��A �¢	� 	áÓ 	̈ PA�	̄ Q�
 	« hñ�J 	®Ó ð ��Ê 	ªÓ A
�	à



@ i. �J 	�K


�é�K
Q 	¢	�
U = V �I	KA

�
¿ 	à@
� Ω ú

�
Î« 	á�
�JÊ�

��JÓ ð Ω ú
�
Î« 	á�
�J�J
�® 	̄ @ �ñ�K 	á�
�JË @ �X V ð U ð @ �XðYm× C 	áÓ A��̄ A �¢ 	� Ω 	áºJ
Ë

Ω ÉÓA
�
¿ ú

�
Î« U = V

�	àA
�
	̄ Ω XðYg ú

�
Î«

	àA �ëQK.
ú

�
Í@
� É��� U − V

�éÊ���JÖÏ @ �éË @
��YË@ @ �	X @
� C 	áÓ �@�Q��Ó Ω

�	à


@ A �Üß. U(z) > V (z) �IJ
m�'. Ω 3 z Yg. ð ñË

�é�K
Q 	¢�	JË @ 	áÓ Ω ú
�
Î« �é�JK. A

��K 	àñº�K U − V
�é�J
�® 	̄ @ �ñ�JË @ �éË @ �YË@ @ �	X @
� Ω 3 z0 Y	J« Ω ú

�
Î« ù �Ò 	¢ªË@ A�î �DÒJ
�̄

U = V @ �	X @
� V ≤ U
�	à



@ 	áëQ�. 	K �é�®K
Q �¢Ë@ � 	® 	JK. ð Ω ú

�
Î« U ≤ V @ �	X @
�

	��̄ A�	J�K @
�	Yë ð U = V ø




@ . �é�®K. A ���Ë@

Ω ú
�
Î«

Poisson′s kernel
	àñ ��ñK. �è @ �ñ 	K

. B(0, R) ú
�
Î« �é�J
ÊJ
Êm�

�' �éË @ �X f ð R > 1 	áºJ
Ë
�	à



@ 	¬Qª	K ú
æ

��ñ» �é 	ªJ
� 	áÓ

∀a ∈ B(0, 1), f(a) =
1

2iπ

∫

γ(0,1)

f(z)[
1

z − a
+

ā

1− āz
]dz
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ú
�
Î« É ��j�J 	K a = reiu 	��
ñª�JK. .

∀r < 1,∀u ∈ R, f(reiu) =
1

2iπ

∫ 2π

0

f(eit)[
1

eit − reiu
+

re−iu

1− re−iueit
]ieitdt

A�	JË

[
1

eit − reiu
+

re−iu

1− re−iueit
]eit =

1− r2

r2 − 2r cos(t− u) + 1

ú
�
Î« É ��j�J 	K 	��
ñª�JËA�K.

∀r < 1, f(reiu) =
1
2π

∫ 2π

0

f(eit)
1− r2

r2 − 2r cos(t− u) + 1
dt

	àñº�K U �IJ
m�'. B(0, R) ú
�
Î« f

�é�J
ÊJ
Êm�
�' �éË @ �X Yg. ñ�K é�	K A
�

	̄
B(0, R) ú

�
Î« �é�J
�® 	̄ @ �ñ�K �éË @ �X U �I	KA

�
¿ @ �	X @
�	àñ ��ñK. �é 	ªJ
� i. �J 	��K �é�®K. A ���Ë@ �éËXA �ªÖÏ @ 	áÔ 	̄

f
�éË @

��YÊË�
�é�J
�®J
�®mÌ'@ �éÒJ
�®Ë@

∀r < 1, U(reiu) =
1
2π

∫ 2π

0

U(eit)
1− r2

r2 − 2r cos(t− u) + 1
dt

@ �	X @
� B(0, 1) P@ �ñm.�'.
�é�J
�® 	̄ @ �ñ�K 	àñº�K V (z) = U(Rz)

�	àA
�
	̄
B(0, R) P@ �ñm.�'.

�é�J
�® 	̄ @ �ñ�K �éË @ �X U �I	KA
�
¿ @ �	X @
� A ��Ó



@

∀r < 1, V (reiu) =
1
2π

∫ 2π

0

V (eit)
1− r2

r2 − 2r cos(t− u) + 1
dt

A�	JË z = |z|eiu = Rreiu © 	�ñK. @ �	X @
�
∀|z| < R, U(|z|eiu) =

1
2π

∫ 2π

0

U(Reit)
R2 − |z|2

R2 + |z|2 − 2|z|R cos(t− u)
dt

�	àA
�
	̄

U = 1 �I	KA
�
¿ ñË C

��JÔ 	̄

∀|z| < R, 1 =
1
2π

∫ 2π

0

R2 − |z|2
R2 + |z|2 − 2|z|R cos(t− u)

dt

Harnack′s inequality
�é�K
Q 	¢	�

�	àA
�
	̄ �éJ.k. ñÓ ð B(a,R) P@ �ñm.�'.

�é�J
�® 	̄ @ �ñ�K U ð a ∈ C ð R > 0 	áºJ
Ë

∀z ∈ B(a, R),
R− |z|
R + |z|U(a) ≤ U(a + z) ≤ R + |z|

R− |z|U(a)

	àA �ëQK.
�	à



@ A �Üß.

∀|z| < R, U(a + |z|eiu) =
1
2π

∫ 2π

0

U(a + Reit)
R2 − |z|2

R2 + |z|2 − 2|z|R cos(t− u)
dt

�	à


@ A �Üß. ð
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R− |z|
R + |z| ≤

R2 − |z|2
R2 + |z|2 − 2|z|R cos(t− u)

≤ R + |z|
R− |z|

�	àA
�
	̄ �éJ.k. ñÓ U

�	à


B @ �Q 	¢	� ð

R− |z|
R + |z|

1
2π

∫ 2π

0

U(a + Reit) ≤ 1
2π

∫ 2π

0

U(a + Reit)
R2 − |z|2

R2 + |z|2 − 2|z|R cos(t− u)

≤ R + |z|
R− |z|

1
2π

∫ 2π

0

U(a + Reit)

@ �	X @
�
∀z ∈ B(a, R),

R− |z|
R + |z|U(a) ≤ U(a + z) ≤ R + |z|

R− |z|U(a)

�é�K
Q 	¢	�
�éªK. A

��J��JÓ �IJ
m�'. Ω 3 a Yg. ð 	à@
� Ω ú
�
Î« �é�J
�® 	̄ @ �ñ�K È@ �ðX 	áÓ �é��̄ A�	J�JÓ �éªK. A

��J��JÓ (Un) ð C 	áÓ A��̄ A �¢ 	� Ω 	áºJ
Ë
. Ω ú

�
Î« �é�J
�® 	̄ @ �ñ�K �éË @ �X 	áÓ H. PA ��®�J��K (Un)

�	àA
�
	̄ R ú


	̄ X �Y« 	áÓ H. PA ��®�J��K (Un(a))

	àA �ëQK.
Dirichlet

�é�K
Q 	¢	�
R ú

�
Î« �éÊ���JÓ �éË @ �X u → f(eiu) 	áº�JË

f̃(|z|eiu) =





1
2π

∫ 2π

0
f(eit) 1−|z|2

|z|2−2|z|cos(t−u)+1dt |z| < 1

f(eiu) |z| = 1

	àA �ëQK.
B(0, 1) ú

�
Î« �é�J
ÊJ
Êm�

�' 	àñº�K g(z) = 1
2iπ

∫
γ(0,1)

f(w) 1
w−z dw

�éË @
��YË@

�	à


@ 	¡kC

� 	K B(0, 1) ú
�
Î« �é�J
ÊJ
Êm�

�' 	àñº�K h(z) = 1
2iπ

∫
γ(0,1)

f(w) 1
w− 1

z

dw ½Ë 	Y»
�	àA
�

	̄
h(z) =

∑∞
n=0 anzn

�	à


@ A �Üß. ð . B(0, 1) ú

�
Î« f̃(z) = Re(g(z)) +Re(h(z)

Reh(z) =
1
2
(
∞∑

n=0

anzn +
∞∑

n=0

anzn)

	àñº�K f̃
�	à



@ @

�	Yë 	áÓ i. �J 	�K
 Re(h(z) = 1
2 (

∑∞
n=0 anzn +

∑∞
n=0 anzn) = Re

∑∞
n=0 anzn) @ �	X @
�

. B(0, 1) ú
�
Î« �é�J
�® 	̄ @ �ñ�K

�	à


@ A �Üß. lim

|z|→1−,u→θ
f̃(|z|eiu) = f(eiθ)

�	à


@ 	áëQ�. 	JË

∀|z| < 1, 1 =
1
2π

∫ 2π

0

1− |z|2
|z|2 − 2|z| cos(t− u) + 1

dt
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�	àA
�
	̄

f̃(|z|eiu)− f(eiθ) =
1
2π

∫ 2π

0

(f(eit)− f(eiθ))
1− |z|2

|z|2 − 2|z| cos(t− u) + 1
dt

@ �	X @
�
|f̃(|z|eiu)− f(eiθ)| ≤ | 1

2π

∫

(t−u)∈]ε,2π−ε[

(f(eit)− f(eiθ))
1− |z|2

|z|2 − 2|z| cos(t− u) + 1
dt|+

| 1
2π

∫

(t−u)∈[0,ε]
⋃

[2π−ε,2π]

(f(eit)− f(eiθ))
1− |z|2

|z|2 − 2|z| cos(t− u) + 1
dt|

ð Mε = sup
(t−u)∈]ε,2π−ε[,|z|≤1

|f(eit)− f(eiθ)| 1
|z|2 − 2|z| cos(t− u) + 1

	áº�JË ε > 0
�

É¾Ë

mε = sup(t−u)∈[0,ε]
⋃

[2π−ε,2π] |f(eit)− f(eiθ)|
A�	JË

|f̃(|z|eiu)− f(eiθ)| ≤ M(1− |z|2) + mε

@ �	X @
� ð |f(eit)− f(eiθ)| ≤ |f(eit)− f(eiu)|+ |f(eiu)− f(eiθ)| ð ÈA �����B
� @ �éÒ 	¢�J 	JÓ f
�	à



B @ �Q 	¢	� ð

lim|z|eiu→eiθ |f̃(|z|eiu)− f(eiθ)| = 0
�	à



@ i. �J 	�K
 lim

ε→0
mε = 0

�	àA
�
	̄ |eiu − eiθ| < ε

�	à


@ A�	KQ�. �J«@
�

�Q�®Ë@ É 	g@ �X ú

	̄ ð ��Ê 	ªÖÏ @ �èYgñË@ �Q�̄ ú

�
Î« ÈA �����B
� @ �éÒ 	¢�J 	JÓ f̃

�	à


@ A �Üß. Dirichlet

�é�K
Q 	¢	JË ��J
J.¢�J»
f̃ = Reh

��
���®m��' h(z) = Σ∞n=0anzn �é�J
ÊJ
Êm�

�' �éË @ �X Yg. ñ�K

Q 	®�Ë@ 	áÓ r H. PA ��®�J��K A �ÓY 	J« f(eit) 	áÓ ÐA �	¢�J 	K A
�K. H. PA ��®�J��K 1
2 (Σ∞n=0anrneint + anrne−int) @ �	X @
�

é�	K


@ ø




@ 2π

�èPðX ú

�G@ �	X ð �éÊ���JÖÏ @ È@ �ð �YË@ �é«ñÒm.× ú


	̄ �é 	®�J» �é�J
�JÊ�JÖÏ @ XðYmÌ'@ �H@ �Q�
�J» @ �	X @
��é�K
Q 	¢	�
Pε(t) =

∑n
k=−n akeikt XðYg �èQ�
�J» Yg. ñ�K ε > 0

�
É¾Ê 	̄ 2π A�î�EPðX �é�K
PðX ð �éÊ���JÓ �éË @ �X f 	áº�JË

�IJ
m�'.
sup
t∈R

|f(t)− Pε(t)| ≤ ε

�éJ
ËA
���JË @ �é�K
Q 	¢�	JË @ i. �J 	J���	� 	à



@ 	áºÒJ
 	̄

eikt 	áÓ ���@ �Q��Ó
�

É¿ ú
�
Î« ÐA �	¢�J 	KA
�K. H. PA ��®�J��K Σs

n=0
(ikt)n

n!

�	à


@ A �Üß. ð

Weierstrass approximation theorem
�é�K
Q 	¢	�

��
���®m��' Pε ∈ R[X] XðYg �èQ�
�J» Yg. ñ�K ε > 0

�
É¾Ê 	̄ �éÊ���JÓ �éË @ �X f : K → R ð R 	áÓ A ���@ �Q��Ó K 	áºJ
Ë

∀x ∈ K; |f(x)− Pε(x)| ≤ ε

Subharmonic functions
	­K
Qª�K

23



¡�® 	̄ ð @ �	X @
� Ω ú
�
Î« �é�J
�® 	̄ @ �ñ��JË @ �Im��' U

�éË @
��YË@ �	à



@ Èñ�® 	K U : Ω → [−∞, +∞[ ð C 	áÓ ��A �¢	� Ω 	áºJ
Ë

��
���®m��' @ �	X @
�

�IJ
m�'. z0 ∈ Ω Yg. ñK
 ð Ω ú

	̄ hñ�J 	®Ó {z ∈ Ω, f(z) < α} 	àñº�K ∀α ∈ R A��J
�̄ñ 	̄ �éÊ���JÓ �éË @ ��X

�
@ (1

u(z0) 6= −∞

A�	JË r < d(z, Ωc)
�

É¾Ë ð z ∈ Ω
�

É¾Ë ð (2

U(z) ≤ 1
2π

∫ 2π

0

U(z + reit)dt

�éÊ�JÓ


@

�é�J
�® 	̄ @ �ñ�K �Im��' È@ �ðX 	àñº�K Ref ð |f | ð log|f | �	àA
�
	̄ Ω ��A �¢	� ú

�
Î« �é�J
ÊJ
Êm�

�' �éË @ �X f 	áº�JË (1
	àA�	Kñº�K u + αv ð sup(u, v)

�	àA
�
	̄

α > 0 ð Ω ��A �¢	� ú
�
Î« 	á�
�J�J
�® 	̄ @ �ñ�K �Im��' 	á�
�JË @ �X v ð u �I	KA

�
¿ @ �	X @
� (2

	á�
�J�J
�® 	̄ @ �ñ�K �Im��' 	á�
�JË @ �X
È@ �ðX 	àñº�K h ◦ u

�	àA
�
	̄ �èY
K� @

�	Q��Ó ð �éK.
�Ym× h : R→ R ð Ω ��A �¢	� ú

�
Î« �é�J
�® 	̄ @ �ñ�K �Im��' �éË @ �X u 	áº�JË (3

Ω ú
�
Î« �é�J
�® 	̄ @ �ñ�K �Im��'

�é�K
Q 	¢	�
��
���®m�'
 z0 ∈ Ω Yg. ð 	à@
� Ω ú

�
Î« �é�J
�® 	̄ @ �ñ��JË @ �Im��' �éË @ �X U ð C 	áÓ ��A �¢	� Ω 	áºJ
Ë

Ω ú
�
Î« �é�JK. A

��K 	àñº�K U
�éË @ �YË@ �	àA
�

	̄
U(z0) = sup{U(z); z ∈ Ω}

	àA �ëQK.
�é�K
Q 	¢	�

@ �	X @
� ¡�® 	̄ ð @ �	X @
� Ω ú
�
Î« �é�J
�® 	̄ @ �ñ��JË @ �Im��' U

�éË @
��YË@ 	àñº�K U : Ω → [−∞, +∞[ ð C 	áÓ ��A �¢	� Ω 	áºJ
Ë

��
���®m��'

Yg. ñK
 ð Ω ú

	̄ hñ�J 	®Ó {z ∈ Ω, f(z) < α} 	àñº�K (∀α ∈ R A��J
�̄ñ 	̄ �éÊ���JÓ �éË @ ��X

�
@ (1

z0 ∈ Ω, b.hytu(z0) 6= −∞

A�	JË r < rz

�
É¾Ë �IJ
m�'. 0 < rz < d(z, Ωc) Yg. ñK
 z ∈ Ω

�
É¾Ë ð (2

U(z) ≤ 1
2π

∫ 2π

0

U(z + reit)dt

	àA �ëQK.
�é�K
Q 	¢	�
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�é�JK. A
��K 	àñº�K U

�	àA
�
	̄
U ≤ m

��
���®m�'
 m ∈ R Yg. ñK
 �IJ
m�'. C ú

�
Î« �é�J
�® 	̄ @ �ñ��JË @ �Im��' �éË @ �X U 	áºJ
Ë

�é�K
Q 	¢	�
�	àA
�

	̄
B(a,R) ⊂ Ω 	áºË �éÊ���JÓ ð Ω ú

�
Î« �é�J
�® 	̄ @ �ñ��JË @ �Im��' �éË @ �X U ð C 	áÓ ��A �¢	� Ω 	áºJ
Ë

Ũ(a + |z|eiu) =





1
2π

∫ 2π

0
U(a + Reit) R2−|z|2

R2+|z|2−2|z|R cos(t−u)dt a + |z|eiu ∈ B(a, R)

U(z) z /∈ B(a,R)

Ω ú
�
Î« �é�J
�® 	̄ @ �ñ��JË @ �Im��' 	àñº�K

Great P icard Theorem
�é�K
Q 	¢	�

�
É¾Ë ð �èYJ
kð �é¢�® 	K QK
Y�®�K úæ���̄


@ ú
�
Î« @ �Y« A �Ó α ∈ C

�
É¾Ë é�	KA
�

	̄
f

�éË @
��YÊË�

�é�J
�A ��


@ �è 	XA ��� �é¢�® 	K a 	áº�JË

{z ∈ C, |z − a| < ε} É 	g@ �X PA �	®�


B@ 	áÓ ú
æî �D 	JÓ Q�
 	« X �Y« A�êË f − α

�éË @
��YË@ �	àA
�

	̄
ε > 0

Little P icard Theorem
�é�K
Q 	¢	�

. �é�JK. A
��K 	àñº�K f

�	àA
�
	̄
f(C) ú

�
Í@
�

	àA�J
Ò�J 	��K B
� 	àA��J 	®Ê�J	m× 	àA��J¢�® 	K �HYg. ð 	à@
� . �é�J
ÊJ
Êm�

�' �éË @ �X f : C→ C 	áº�JË
É�J
 	̄ ½ÊÖÏ @ �éªÓA �g.

ÐñÊªË@ �éJ
Ê¿
1427 ú


	GA
���J
�
Ë @ ©J
K. P 26 �HA�J
 	�A�K
QË @ Õæ��̄

	á�
�J«A �� ú

	̄ ú



G� A
�î �	DË @ PA�J. �J 	kB

�
@ A�J
Ê« �HA ��PX I.

�
»QÓ ÉJ
Êm�

�'

ÈðB
�
@ 	áK
QÒ�JË @

�é�JK. A
��K Q�
 	« Ω ú

�
Î« �é�J
ÊJ
Êm�

�' �éË @ �X f ð C 	áÓ ��A �¢	� Ω 	áºJ
Ë
�ékñ�J 	®Ó �éË @ �X f

�	à


@ é 	JÓ i. �J 	J���@
� ð Rouche

�é�K
Q 	¢	� ��	� XPð


@ (1

Montel
�é�K
Q 	¢	� A�î 	DÓ i. �J 	J���@
� ð Ascoli−Arzallah

�é�K
Q 	¢	� ��	� XPð


@ (2

�éªK. A
��J��JÓ Yg. ñ�K Éë . R[X] �é 	̄ A

��J» ��	m��' ú

�æ
�
Ë @ Weierstrass �@�Q����QK
ð �é�K
Q 	¢	� 	àA �ëQK. ð ��	� A �Ó (3

z → 1
z

	áÓ �èYgñË@ �èQ
K� @
�X ú

�
Î« ÐA �	¢�J 	K A
�K. H. PA ��®�J��K C[Z] 3 Pn XðYg �H@ �Q�
�J» 	áÓ (Pn)

ú

	GA

���JË @ 	áK
QÒ�JË @
	áºJ
Ë d(0,Ωc) > r

�
É¾Ë Ω ú

�
Î« �é�J
ÊJ
Êm�

�' �éË @ �X f 	áº�JË ð 0 ú
�
Î« ø
 ñ�Jm�'
 C 	áÓ ��A �¢	� Ω 	áºJ
Ë
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M(r) = sup
|z|=r

|f(z)|

�éË @ �X log|f | 	àñº�K ú ��æÓ . �é�J
�® 	̄ @ �ñ��JË @ �Im��' �éË @ �X log|f | �	à


@ A�î 	DÓ i. �J 	J���@
� ð Jensen

�é�K
Q 	¢	� ��	� XPð


@ (1

. �é�J
�® 	̄ @ �ñ�K
. [0, d(0, Ωc)[ ú

�
Î« �éÊ���JÓ ð �èY«A ���JÓ 	àñº�K r → M(r)

�	à


@ 	á��
K. (2

�é�JK. A
��K 	àñº�K θ −→ |f(reiθ)| �IJ
m�'. 0 < r < d(0, Ωc) Yg. ð 	à@
� é�	K



@ 	á��
K. (3

. Ω ú
�
Î« �é�JK. A

��K 	àñº�K f
�	àA
�

	̄ |z| < r
�

É¾Ë f(z) 6= 0 ð
�éªK. A

��J��JÓ (xn)n∈N 	áº�JË ð Ω ú

	̄ Õ» @ �Q�K �é¢�® 	K A�êË ��
Ë C 	áÓ Ω ��A �¢	� 	áÓ �éªK. A

��J��JÓ (an)n∈N 	áº�JË (4
C 	áÓ

. 0 6= F ′(an) �é��®�J ��ÖÏ @ ð F (an) = 0 ��
���®m��' Ω ú

�
Î« F

�é�J
ÊJ
Êm�
�' �éË @ �X Yg. ñ�K é�	K



@ 	á��
K. (


@
. {an, n ∈ N} ù
 ë A�îE. A �¢�̄


@ Ω ú
�
Î« �é�J
 	̄QÓðQ�
Ó g

�éË @ �X Yg. ñ�K é�	K


@ �	á�
K. (H.

xn

F ′(an) ñë an Y	J« g ú

�̄ A�K. 	àA
�

	̄
n ∈ N

�
É¾Ë ð �é¢J
��. H. A �¢�̄


@ A�ê
�
Ê¿

h(an) �éÒJ
�̄ A �Ó . Ω ÉÓA
�
¿ ú

�
Î« �é�J
ÊJ
Êm�

�' h
�éË @ �Y» A �ëYK
YÖ �ß 	áºÖß
 g.F

�	à


@ �	á�
K. (h.

�IÊ
��JË @ 	áK
QÒ�JË @

��
���®m��' ð �éÊ���JÓ �éË @ �X U : Ω →]−∞,+∞[ ð C 	áÓ ��A �¢	� Ω 	áºJ
Ë

A�	JË r < rz

�
É¾Ë �IJ
m�'. 0 < rz < d(z, Ωc) Yg. ñK
 z ∈ Ω

�
É¾Ë

U(z) ≤ 1
2π

∫ 2π

0

U(z + reit)dt

Ω ú
�
Î« �é�J
�® 	̄ @ �ñ��JË @ �Im��' �éË @ �X U

�	à


@ 	áëQ�. 	K 	à



@ YK
Q 	K (1

	àñº�K U
�	àA
�

	̄
z ∈ Ω ú


	̄ ù �Ò 	¢ªË@ A�î �DÒJ
�̄ ú
�
Í@
� U �IÊ�ð 	à@
� é�	K



@ �éÓ 	QÊÖÏ @ ú


	̄ A �ÜÏ �éîE. A
���Ó �é�®K
Q¢�. 	á��
K. (


@
�é�JK. A

��K

ð D(z, R) ú
�
Î« �éÊ���JÓ ð D(z, R) ú

�
Î« �é�J
�® 	̄ @ �ñ�K Ũ

�éË @ �X Yg. ñ�K é�	K


@ 	á��
K. R < d(z, Ωc) 	áºJ
Ë (H.
D(z,R) XðYg ú

�
Î« U ø
 ðA ����

	àñº�K U − Ũ
�	àA
�

	̄
z0 ∈ D(z,R) ú


	̄
D(z, R) ú

�
Î« ù �Ò 	¢ªË@ A�î �DÒJ
�̄ ú

�
Í@
� U − Ũ �IÊ�ð 	à@
� é�	K



@ 	á��
K. ð

D(z, R) ú
�
Î« �é�JK. A

��K

U(z) ≤ 1
2π

∫ 2π

0
U(z + Reit)dt

�	à


@ ð D(z,R) ú

�
Î« U ≤ Ũ

�	à


@ i. �J 	J���@
� (h.

Ω ú
�
Î« �é�J
�® 	̄ @ �ñ��JË @ �Im��' �éË @ �X 	àñº�K U

�	àA
�
	̄ �Õç�' 	áÓ ð
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�éË @
��YË@ �	à



@ 	á��
K. (X

f(ξ) =





U(ξ) ξ /∈ D(z,R)

Ũ(ξ) ξ ∈ D(z,R)

Ω ÉÓA
�
¿ ú

�
Î« �é�J
�® 	̄ @ �ñ��JË @ �Im��' �éË @ �X 	àñº�K

É�J
 	̄ ½ÊÖÏ @ �éªÓA �g.
ÐñÊªË@ �éJ
Ê¿

1425 È �ð


B@ ©J
K. P 20 �HA�J
 	�A�K
QË @ Õæ��̄

	á�
�J«A �� ú

	̄ ú


	GA
���JË @ ú

�
Î� 	®Ë@ PA�J. �J 	kB

�
@ A�J
Ê« �HA ��PX I.

�
»QÓ ÉJ
Êm�

�'

ÈðB
�
@ 	áK
QÒ�JË @

k
�éJ. �KQË @ 	áÓ h

�éË @
��YÊË� Q 	®� 1

k
	àñºK
 k ∈ N∗

�
É¾Ë �IJ
m�'. C∗ ú

�
Î« h

�é�J
ÊJ
Êm�
�' �éË @ �X Yg. ñ�K é�	K



@ 	á��
K. (1

�é�K
Q 	¢	JË @ è 	Yë 	áÓ é�JÊÒª�J�@
� ø 	Y� Ë @ Z 	Qm.Ì'@ 	àA �ëQK. A �Ó ð A�î �DÊÒª�J�@
� ú ��æË @ �é�K
Q 	¢	JË @ ��	� A �Ó (2
�éË @ �X 	àñº�K h( 1

z ) �IJ
m�'. h PA��J	m� 	' 	à


@ 	áºÖß
 ð h

�éË @ �YÊË�
�éJ.� 	�ËA�K. �é�J
�A ��



@ �è 	XA ��� �é¢�® 	K ñë 0

�	à


@ 	á��
K. (3

�éjJ
m��

ú

	GA

���JË @ 	áK
QÒ�JË @

ÉÓ@ �ñªË@ è 	Yë A�ê�®
���®m��' ú ��æË@ �é 	JK
A�J. �JÖÏ @ �éÓ 	QÊÖÏ @ ú�	̄ A �Ò» �I�. �K



@ ð �@ �Q���@ �QK
ð ÉÓ@ �ñ« 	­K
Qª�K A �Ó (1

��
���®m��' Ω ú

�
Î« �é�J
ÊJ
Êm�

�' È@ �ðX 	áÓ �éªK. A
��J��JÓ (gk)k∈N∗ ð ξ ∈ Ω ð C 	áÓ ��A �¢	� Ω 	áºJ
Ë

, ∀k ∈ N∗, ∀z ∈ Ω, |gk(z)| < 1 ð ∀k ∈ N∗, gk(ξ) = 1− 1
k2

Ω ú
�
Î« h

�é�J
ÊJ
Êm�
�' �éË @ �X 	áÓ Ω 	áÓ ��@ �Q��Ó

�
É¿ ú

�
Î« ÐA �	¢�J 	K A
�K. H. PA ��®�J��K ∏p

n=k gn
�	à



@ 	á��
K. (2

Ω ú
�
Î« �é�J
ÊJ
Êm�

�' �éË @ �X 	áÓ Ω 	áÓ ��@ �Q��Ó
�

É¿ ú
�
Î« ÐA �	¢�J 	K A
�K. H. PA ��®�J��K Σ∞k=1g

′
k

∞∏

n6=k

gn
�	à



@ 	á��
K. (3

�IËA
���JË @ 	áK
QÒ�JË @

¼A�	KQë �é�K
Q 	¢	� 	àA �ëQK. ð ��	� XPð


@ (1

C 	áÓ Ω′ ��A �¢	� ú
�
Î« �é�J
ÊJ
Êm�

�' �éË @ �X g : Ω′ −→ Ω ð �é�J
�® 	̄ @ �ñ�K �éË @ �X u : Ω −→ R ð C 	áÓ hñ�J 	®Ó Ω 	áºJ
Ë
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�é�J
ÊJ
Êm�
�' �éË @ �YË �ù


�®J
�®mÌ'@ Z 	Qm.Ì'@ øð� A ���� u
�éË @

��YË@ Ω 	áÓ �é¢�® 	K
�

É¿ P@ �ñm.�'. é�	K


@ 	á��
K. (2

Ω′ ú
�
Î« �é�J
�® 	̄ @ �ñ�K 	àñº�K uog

�	à


@ i. �J 	J���@
�

�	à


@ 	á��
K. Ω′ 	áÓ ��Ê 	ªÓ �Q�̄

B(z0, r) 	áºJ
Ë (3
uog(B(z0, r)) = uog({z; |z − z0| = r})

Ω′ ú
�
Î« �é�JK. A

��K 	àñº�K g
�	àA
�

	̄ {z; |z − z0| = r} ú
�
Î« �é�JK. A

��K Realg ð r > 0 	àA
�
¿ 	à@
� é�	K



@ i. �J 	J���@
�

��@ �Q��Öß. ��
Ë {z ∈ Ω; u(z) = u(z0)}
�	àA
�

	̄ ¡�. @ �Q��Ë @ ¡J
��. ��A �¢	� Ω 	àA
�
¿ 	à@
� é�	K



@ 	á��
K. (4

( log|z| �PX


@) ��K. A ���Ë@ È@ �
ñ ���Ë@ ú�	̄ ¡�. @ �Q

���Ë @ ¡J
��. ú
�
Î« ZA�	J 	ª�J�B
� @ 	áºÖß
 Éë (5

É�J
 	̄ ½ÊÖÏ @ �éªÓA �g.
ÐñÊªË@ �éJ
Ê¿

1425 ú

	GA

���J
�
Ë @ ©J
K. P 17 �HA�J
 	�A�K
QË @ Õæ��̄

	á�
�J«A �� ú

	̄ ú
G� A

�î �	DË @ PA�J. �J 	kB
�
@ A�J
Ê« �HA ��PX I.

�
»QÓ ÉJ
Êm�

�'

ÈðB
�
@ 	áK
QÒ�JË @

�é�J
ÊJ
Êm�
�' �éË @ �X f ð [0, 1] �èQ�� 	®Ë @ ú

�
Î« 	á�
 	̄ �QªÓ C 	áÓ Ω ��A �¢	� 	áÓ γ ð Γ 	á�
�®Ê 	ªÓ 	á�
�ÊÓ



@ 	á�
�ñ�̄ 	Y 	g



A 	JË

PA �	®�


@ A�êË ��
Ë Ω ú

�
Î«

Yg. ð


@ ð ∫

Γ
f(z)dz =

∫
γ

f(z)dz
�	à



@ �P �YË@ ú 	̄
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