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�éÊ���JÖÏ @ È@ �ð �YË
�
@

	K
Qª�K
¡�® 	̄ ð @

�	X @� a Y	J« �éÊ���JÓ f �éË @
��YË@ �	à

�
@ Èñ�® 	K f : A→ R ð a ∈ A ð A ⊂ R 	áº�JË

a 	áÓ H. PA
��®�J��K ú


�æË @ A  A
��® 	K 	áÓ (xn)n∈N

�éªK. A
��J��JÖÏ @ �I	KA

�
¿ A �ÒêÓ : ú
ÍA

���JË @  Qå��Ë @ ��
���®m��' @

�	X @�
ú
ÍA

���JË @  Qå��Ë @ ©Ó
�
A
�	̄ A
�
¾�JK
 @

�	Yë ð f(a) 	áÓ H. PA
��®�J��K (f(xn)n∈N) 	àA�

	̄

∀ε > 0,∃δ > 0,∀x ∈ A, |x− a| ≤ δ ⇒ |f(x)− f(a)| ≤ ε

A  A
��® 	K ©J
Ôg. Y 	J« �éÊ���JÓ �I	KA

�
¿ 	à@� A ú

�
Î« �éÊ���JÓ f �éË @

��YË@ �	à
�
@ Èñ�® 	K
�éÊ�JÓ


@

f(x) = {1 , x>0
0 , x≤0

(xn = 1
n
)n∈N

�	à

@ ½Ë 	X Q 	®�Ë@ Y 	J« �éÊ���JÓ �I��
Ë A�î �	DºË ð R∗ ú

�
Î« �éÊ���JÓ �éË @ �X ù
 ë

. f(0) 	áÓ H. PA
��®�J��K B

�
(f(xn))n∈N

�	à

@ 	á�
g ú 	̄� Q

	®�Ë@ 	áÓ H. PA
��®�J��K
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�éË
��YË@ A

��Ó

@

f(x) = {1 , x∈Q
0 , x 6∈Q

∀a ∈ R ø


@ R ú


	̄ 	J
�J» Q
�	à

@ ½Ë 	X R  A

��® 	K ©J
Ôg. Y 	J« �éÊ���JÓ �I��
Ë
�éË @ �X ú
æê

	̄

(f(xn))n∈N
�	àA�
	̄
a 6∈ Q 	àA

�
¿ @

�	XA�
	̄
a 	áÓ H. Q

��®�J��K Q  A
��® 	K 	áÓ (xn)n∈N

�éªK. A
��J��JÓ Yg. ñ�K

�é�®K
Q �¢Ë@ �
	® 	JK. ÉÒª�J�

	� A
��	K A�
	̄
a ∈ Q 	àA

�
¿ @

�	X @� A
��Ó

@ . f(a) = 0

�	à

@ 	á�
g ú


	̄
1 	áÓ H. PA

��®�J��K
. R ú


	̄ R \Q �é 	̄ A
��J»

�éK
Q 	¢	�
�	àA�
	̄
a Y	J« 	á�
�JÊ�

��JÓ 	á�
�JË @
�X g : A→ R ð f : A→ R ð a ∈ A ð A ⊂ R 	áº�JË

È@ �ð �YË@ ÉJ
�m��' ½Ë 	Y» ð a Y	J« �éÊ���JÓ È@ �ðX 	àñº�K g(a) 6= 0 	àA
�
¿ 	à@�

f
g

ð f.g ð f + g

. É���JÓ 	àñºK

�éÊ���JÖÏ @

	áK
PA �Ü
�ß

. �éÊ���JÓ �éË @ �X ù
 ë P ∈ R[X] XðYg �èQ�
�J»
�
É¿ �	à


@ i. �J 	J

���@� ð
�é�®K. A

���Ë@ �éK
Q 	¢	JË @ 	áëQK. (1

 A
��® 	K Yg. ð


@ , x 	áÓ Q 	ª�


@ iJ
m�� X �Y« Q�.»


@ E(x) ø



@ iJ
j ��Ë@ �éË @ �X E(x) 	áº�JË (2

xE(x) ð E(x) ÈA ��
���@�

Q 	® ��Ë@ Y 	J« ¡�® 	̄ �éÊ���JÓ R ú
�
Î« �é 	̄ �QªÓ �éË @ �X Yg. ð


@ (3

�éÊ���JÓ |f | �I	KA
�
¿ @

�	X @� ¡
�® 	̄ ð @

�	X @�
�éÊ���JÓ 	àñº�K f �	à


@ iJ
m�� Éë (4

	á�
ËA
���JË @ 	á�
£Qå��ÊË�

�é�®
���®jÖÏ @ È@ �ð �YË@ ©J
Ôg. Yg. ð


@ (5

2)∀(x, y) ∈ R2, f(xy) = f(x)f(y) ð 1)∀(x, y) ∈ R2, f(x+ y) = f(x) + f(y)

È �ð

B@  Qå��ÊË�

�é�®
���®jÖÏ @ 0 Y	J« �éÊ���JÖÏ @ È@ �ð �YË@ ©J
Ôg. Yg. ð


@ ð

	K
Qª�K
Yg. ð 	à@� ù �Ò 	¢ªË@ A�î �DÒJ


�̄
� ú

�
Í@� É��� f �éË @

��YË@ �	à
�
@ Èñ�® 	K f : A→ R ð A ⊂ R 	áº�JË

�IJ
m�'. x0 ∈ A
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∀x ∈ A, f(x0) ≥ f(x),

�IJ
m�'. y0 ∈ A Yg. ð 	à@� ø
�Q 	ª�Ë@ A�î �DÒJ


�̄
� ú

�
Í@� É�

�� f �	à
�
@ Èñ�® 	K ð

∀y ∈ A, f(y0) ≤ f(y)

ÈA
��JÓ

	á�
g� ú

	̄

]0, 1[
�èQ�� 	®Ë @ ú

�
Î« ø �Q 	ª�Ë@ B

�
ð ù �Ò 	¢ªË@ A�î �DÒJ


�̄
� ú

�
Í@� É��� B

�
f(x) = x

�éË @ �YË@

[0, 1] ú
�
Î« A �ÒîD
�JÊ¿ ú

�
Í@� É�

�� A�î�	E
�
@

�éK
Q 	¢	�
[a, b] ú


	̄ ø �Q 	ª�Ë@ ð ù �Ò 	¢ªË@ A�î �DÒJ

�̄
� ú

�
Í@� É�

�� �éÊ���J �Ó f : [a, b]→ R �éË @ �X
�
É¿

	àA �ëQK.
�èQ�� 	̄ [a, b]

�	à

@ A �Üß. lim

n→∞
f(xn) = sup

x∈[a,b]

f(x) �IJ
m�'. [a, b] 	áÓ �éªK. A
��J��JÓ (xn)n∈N 	áº�JË

@
�	YîE. ð x ∈ [a, b] 	áÓ �éK. PA

��®��JÓ (xnk)
�éJ
K� 	Qk.

�éªK. A
��J��JÓ Yg. ñ�K é�	K A�

	̄ �é �®Ê 	ª�Ó ð �èXðYm×
f(x) = lim

nk→∞
f(xnk) = sup

x∈[a,b]

f(x) ú
�
Î« É ��j�J 	K

. [a, b] ú

	̄ ø �Q 	ª�Ë@ A�î �DÒJ


�̄
� ú

�
Í@� É�

�� f �	à

@ 	á��
J. 	K

�é�®K
Q �¢Ë@ �
	® 	JK. ð

�HA �	¢kC
�
Ó

. �éJ
Òë
�
B@ ú


�æ 	ªËA�K. 	á�
�Jj. J

�� 	K 	àA �ëQ�. Ë @ @

�	Yë ú

	̄ A�	JÊÒª�J�@� Y

�®Ë

x Qå�	J« 	áÓ �éK. PA
��®��JÓ �éJ
K� 	Qk.

�éªK. A
��J��JÓ A�êË [a, b]

�é�®Ê 	ªÓ ð �èXðYm× �èQ�� 	̄ 	áÓ �éªK. A
��J��JÓ

�
É¿ (1

. [a, b] 	áÓ
�IJ
m�'. A Qå�A�	J« 	áÓ xn �éªK. A

��J��JÓ Yg. ñ�K f : A→ R ð A ⊂ R
�
É¾Ë (2

sup
x∈A

f(x) = lim
n→∞

f(xn)
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Yg. ñK
 é�	K

@ ½Ë 	X . �èXðYm× A �Ò�Jk 	àñº�K �éÊ���J �Ó f : [a, b]→ R �éË @ �X

�
É¿ �	à


@ 	¡kC

� 	K A �Ò»
�IJ
m�'. y0 ∈ [a, b] ð x0 ∈ [a, b] 	áK
Qå� 	J«

m = inf
x∈[a,b]

f(x) = f(y0) ð M = sup
x∈[a,b]

f(x) = f(x0)

�é�J
¢�ñË@ �éÒJ
�®Ë @ �éK
Q 	¢	�
s ∈ [a, b] Yg. ñK
 é�	K A�

	̄
f(a) < k < f(b) ð �éÊ���J �Ó �éË @ �X f : [a, b]→ R �I	KA

�
¿ @

�	X @�
f(s) = k �IJ
m�'.

	àA �ëQK.
�	àA�
	̄ �éÊ���J �Ó �éË @ �X f

�	à

@ A �Üß. s ∈]a, b[ A�	KY 	J« s = sup{t ∈ [a, b], f(t) ≤ k} 	áºJ
Ë

Xñk. ð Õ ��æm�'
 ÈA ��
���B
�
A 	̄ ε = k − f(s) > 0 	áºJ
Ë ð f(s) < k

�	à

@ 	�Q�� 	® 	JË f(s) ≤ k

�IJ
m�'. δ > 0

|x− s| < δ ⇒ |f(x)− f(s)| < ε

. s 	K
Qª�K ©Ó 	�PA �ª�JK
 @
�	Yë ð f(s+ δ) ≤ k @

�	X @�
�HA �	¢kC

�
Ó

(s+ δ) ∈]a, b[ �IJ
m�'. δ PA��J	m� 	' 	à

@ 	áºÖß
 @

�	XA �ÜÏ ð s ∈]a, b[ @
�	XA �ÜÏ øP�A

��®Ë @ ��
���̄YJ
Ë (1

é�	K

@ 	á�
K. (−f) XA �Ò�J«A�J.

	̄
f(a) ≥ k ≥ f(b) ð �éÊ���J �Ó �éË @ �X f : [a, b]→ R �I	KA

�
¿ @

�	X @� (2
f(s) = k �IJ
m�'. s ∈ [a, b] Yg. ñK


m = inf
x∈[a,b]

f(x) ð M = sup
x∈[a,b]

f(x) ð �éÊ���J �Ó �éË @ �X f : [a, b]→ R �I	KA
�
¿ @

�	X @� (3

f([a, b]) = [m,M ],
�	àA�
	̄

	áK
PA �Ü
�ß

f([a, b]) = [f(a), f(b)] ÈA�mÌ'@ è 	Yë ú 	̄� é�	K

@ iJ
m�� Éë (1

�èQ�� 	̄ 	àñº�K �éÊ���JÓ �éË @ �YK.
�èQ�� 	̄

�
É¿ �èPñ� �	à


@ 	á��
J. �K

�é�J
¢�ñË@
�éÒJ


�®Ë @ �éK
Q 	¢	� �	à

@ �I�. �K


@ (2
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(. �é�®Ê 	ªÓ Q�

	« �èQ�� 	®Ë @ �I	KA

�
¿ ñË ð ú

���æk)

f(x) = x �IJ
m�'. x ∈ [0, 1] Yg. ñK
 f : [0, 1]→ [0, 1]
�éÊ���JÓ �éË @ �X

�
É¾Ë �	à


@ 	á��
K. (3

�
É¿ �	à


@ ð R ú

�
Î« �éÊÓA ��� �éË @ �X 	àñº�K �é�K
XQ

	̄ �ék. PX ú

�G @
�	X XðYg �èQ�
�J»

�
É¿ �	à


@ 	á�
K. (4

. R ú
�
Î« �éÊÓA ��� Q�


	« �éË @ �X 	àñº�K �é�J
k. ð 	P �ék. PX ú

�G @
�	X XðYg �èQ�
�J»

�IJ
m�'. a > 0 Yg. ñK
 é�	K

@ 	á��
K.

�éÊ���JÓ �éË @ �X f : [0, 1]→]0,+∞[ �I	KA
�
¿ @

�	X @� (5

∀x ∈ [0, 1], f(x) ≥ a

]0, 1[
�é«ñÒj. ÖÏ AK.� [0, 1] È@ �ñ ���Ë@ @

�	Yë ú

	̄ A�	J 	� �ñ« @

�	X @�
�éjJ
m��

�éj. J

�� 	JË @ � 	® 	K ù

��®J. �K Éë

A�î �DÒJ

�̄
� ú

�
Í@� É��� f �	à


@ 	á�
K. lim

|x|→∞
f(x) = 0 �IJ
m�'.

�éÊ���J �Ó �éË @ �X f : R→ R 	áº�JË (6

. 	áK
A�J. �K �I��
Ë f
�	à

@ 	á�
K. . A

�ÒîD
�JÊ¿ ú
�
Í@� A

�Ò�Jk É��� Éë .ø �Q 	ª�Ë@ ð

@ ù �Ò 	¢ªË@

∀x ∈ [0, 1], ∃y ∈ [0, 1], f(y) ≥ 2f(x) �IJ
m�'.
�éÊ���J �Ó �éË @ �X f : [0, 1]→ R 	áº�JË (7

�éJ. Ë A ��
�éË @ �X f �	à


@ 	á��
K.

	K
Qª�K
��
���®m��' @

�	X @� ¡�® 	̄ ð @
�	X @� ÈA ��

���B
�
@ �éÒ 	¢�J 	JÓ f �éË @

��YË@ �	à
�
@ Èñ�® 	K f : A→ R ð A ⊂ R 	áº�JË

ú
ÍA
���JË @  Qå��Ë @

∀ε > 0, ∃δ > 0,∀a ∈ A, ∀x ∈ A, |x− a| ≤ δ ⇒ |f(x)− f(a)| ≤ ε

�é 	¢kC
�
Ó

ú
ÍA
���JË @  Qå��Ë @ ��

���®m��' @
�	X @� ¡

�® 	̄ ð @
�	X @� A ú

�
Î« �éÊ���JÓ f �éË @

��YË@ �	à
�
@ 	¬Qª	K

∀a ∈ A, ∀ε > 0,∃δ > 0,∀x ∈ A, |x− a| ≤ δ ⇒ |f(x)− f(a)| ≤ ε

δ Ñ 	¢�J 	JÖÏ @ ÈA ��
���B
�
@ ú


�	̄ A �ÓA �Ü �ß 	àA
�	®Ê�J	m× 	àA�J
 	JªÖÏ @ ð Q��
 	ª�K ∀a ∈ A, 	àA

�
¾Ó ¡�® 	̄ �H@ �PA�J.ªË @ �

	® 	K

ð a ú
�
Î« YÒ�Jª�K δ �	àA�

	̄
A  A

��® 	K ©J
Ôg. Y 	J« ÈA ��
���B
�
@ ú


	̄ �	à

@ 	á�
g ú


�	̄ ¡�® 	̄ ε ú
�
Î« YÒ�Jª�K

A �ëYªK. A �Ó ú
�
Î« YÒ�Jª�K B

�
ð A�ê�®J.�A

�Ó ú
�
Î« �èXA �« YÒ�Jª�K �èQ�
 	ª�JÓ É¿ �éJ
 	�A�K
QË @

�éK. A
��JºË@ ú


	̄
ε

. �H@ �Q��
 	ª�JÖÏ @ 	áÓ
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�éÊ�JÓ

@

δ = ε
2

�	àA�
	̄
ε > 0

�
É¾Ë é�	K


@ ½Ë 	X R ú

�
Î« ÈA ��

���B
�
@ �éÒ 	¢�J 	JÓ 	àñº�K f(x) = 2x

�éË @ �YË@ (1
. 	K
Qª�JË @ ú


	̄ H. ñÊ¢ÖÏ @  Qå��Ë @
��
���®m��'

A �ÒêÔ 	̄ ε = 1 �I	KA
�
¿ @

�	X @� é�	K

@ ½Ë 	X R ú

�
Î« ÈA ��

���B
�
@ �éÒ 	¢�J 	JÓ Q�


	« A�î�	EA�
	̄
f(x) = x2 A �Ó


@ (2

�	à

@ 	á�
g ú


	̄ |x− y| < δ 	àA
��®
���®m��' y = 1

δ
ð x = 1

δ
+ δ

2

�	àA�
	̄
δ > 0 �I	KA

�
¿

. y ð x A�	KYg. ð
	J
» ñë ð èQ» 	Y 	K ÕË A �Ó ñë ÑêÖÏ @ |x2 − y2| > 1

�éK
Q 	¢	�
ÈA ��

���B
�
@ �éÒ 	¢�J 	JÓ 	àñº�K �é�®Ê 	ªÓ ð �èXðYm× �èQ�� 	̄ ú

�
Î« �éÊ���J �Ó f : [a, b]→ R �éË @ �X

�
É¿

	àA �ëQK.
Yg. ñK
 n ∈ N �I	KA

�
¿ A �ÒêÓ �IJ
m�'. ε > 0 Yg. ñK
 é�	K A�

	̄ ÈA ��
���B
�
@ �éÒ 	¢�J 	JÓ Q�


	« f �I	KA
�
¿ @

�	X @��	à

@ A �Üß. |f(xn)− f(yn)| > ε

�	à

@ 	á�
g ú


	̄ |xn − yn| < 1
n

�IJ
m�'. [a, b] ú

	̄
yn ð xn

ð x ∈ [a, b] 	áÓ �éK. PA
��®��JÓ (xnk)

�éJ
K� 	Qk.
�éªK. A

��J��JÓ Yg. ñ�K é�	K A�
	̄ �é �®Ê 	ª�Ó ð �èXðYm× �èQ�� 	̄ [a, b]

ð lim f(xnk)− f(ynk) = f(x)− f(x) = 0 @
�	X @� . x

	áÓ H. PA
��®�J��K (ynk)

�	à

@ Õ ��æm�'
 @

�	Yë
∀nk, |f(xnk)− f(ynk)| > ε ©Ó 	�PA �ª�JK
 @

�	Yë
	áK
PA �Ü

�ß
ÈA ��

���B
�
@ �éÒ 	¢�J 	JÓ f �	à


@ 	á�
K. lim

|x|→∞
f(x) = 0 �IJ
m�'.

�éÊ���J �Ó �éË @ �X f : R→ R 	áº�JË (1

R ú
�
Î«

�éJ
 ��ñ» 	àñº�K �éJ
 ��ñ»
�éªK. A

��J��JÓ
�
É¿ �èPñ� �	àA�

	̄ ÈA ��
���B
�
@ �éÒ 	¢�J 	JÓ �éË @ �X f �I	KA

�
¿ 	à@�

	á�
K. (2
�éÒ 	¢�J 	JÓ g

�èYJ
kð
�éË @ �X Yg. ñ�K Q ú

�
Î« ÈA ��

���B
�
@ �éÒ 	¢�J 	JÓ f

�éË @ �X
�
É¾Ë �	à


@ i. �J 	J

����@� ð
�IJ
m�'. R ú

�
Î« ÈA ��

���B
�
@

∀x ∈ Q, f(x) = g(x)

ú
�
Î« ÈA ��

���B
�
@ �éÒ 	¢�J 	JÓ ù
 ë Éë ]0, 1[ ú

�
Î« ÈA ��

���B
�
@ �éÒ 	¢�J 	JÓ f(x) = 1

x

�éË @ �YË@ Éë (3

7



g(x) = x3 �éJ.�
	�ËA�K. È@

�ñ ��Ë@ � 	® 	K ]1,+∞[

�é�JK. A
��K) �é�J
Ò

�
Ê� �éË @ �X Yg. ñ�K ∀ε > 0 é�	K


@ 	á�
K. [a, b] ú

�
Î« ÈA ��

���B
�
@ �éÒ 	¢�J 	JÓ �éË @ �X f 	áº�JË (4

�IJ
m�'. gε ( �H@ �Q�� 	̄ ú
�
Î«

sup
x∈[a,b]

|f(x)− gε(x)| ≤ ε

	K
Qª�K È �ð

@ ú


	̄ C
��JÔ 	̄ é�JJ.

��K
 �Õç�' é�KA�J. �K @�
�Õ �æK
 ÕË A �Ó 	 ����ºK
 	à


@ I. ËA �¢Ë@ ú

�
Î«

�éjJ
�	�
	á�
£Qå��Ë @

�ñ
�	̄ A
�
¾�K 	áëQ�. K
 	à


@ I. ËA �¢Ë@ ú

�
Î«

8



É 	�A
�	®��JË @

	K
Qª�K
@
�	X @� x0 Y	J« f

�é
��®�J ��Ó ñë l ù


�®J

�®mÌ'@ X �YªË@ �	à


@ Èñ�® 	K x0 ∈]a, b[ ð f :]a, b[→ R 	áº�JË

��
���®m��' @

�	X @� ¡�® 	̄ ð

lim
x→x0

f(x)− f(x0)

x− x0

= l

l = f ′(x0) = ∂f
∂x

(x0) I. �Jº	K A �ëY	J«
�éÊ�JÓ


@

��
���®m��' f(x) = x2 �éË @

��YË
�
@ (1

lim
x→x0

f(x)− f(x0)

x− x0

= lim
x→x0

x+ x0 = 2x0

Q�

	« limx→0

g(x)−g(0)
x−0

@
�	X @�

g(x)−g(0)
x−0

= {1, x>0
−1, x<0

��
���®m��' g(x) = |x| �éË @

��YË@ A
��Ó

@ (2

Q 	®�Ë@ Y 	J« ��A
��®�J ��C� Ë�

�éÊK. A
��̄ Q�


	« g 	àñº�K @
�	YîE. ð Xñk. ñÓ

�éK
Q 	¢	�
x0 Y	J« �éÊ���JÓ 	àñº�K A�î�	EA�

	̄
x0 ∈]a, b[ Y	J« ��A

��®�J ��C� Ë�
�éÊK. A

��̄
f :]a, b[→ R �I	KA

�
¿ @

�	X @�	àA �ëQK.
lim
x→x0

f(x)− f(x0) = lim
x→x0

f(x)− f(x0)

x− x0

lim
x→x0

x− x0 = l.0 = 0

�HA �	¢kC
�
Ó

ú
�
Î« É ��j�J 	K A�	J

��	K A�
	̄
ε(h) = f(x0+h)−f(x0)

h
− f ′(x0) ð h = x− x0 A�	Jª 	�ð @

�	X @� (1

9



f(x0 + h)− f(x0) = hf ′(x0) + hε(h)

��
���®m��' ε(h)

�éË @ �X �HYg. ð @
�	X @� ¡�® 	̄ ð @

�	X @� l A�ê
��®�J ��Ó ð x0 Y	J« ��A

��®�J ��C� Ë�
�éÊK. A

��̄
f @

�	X @�
f(x0 + h)− f(x0) = hl + hε(h) �IJ
m�'. lim

x→0
ε(h) = 0

ú
�
Î« �é 	̄ �QªÓ f(x)−f(x0)

x−x0

	àñº�K ú ��æk ]a, b[ hñ�J 	®ÖÏ @ ú 	̄� x0
	K
Qª

��JË @ ú 	̄� A�	J£Q�� ��@� Y�®Ë (2

x0 ÈA �ÖÞ�� ð 	á�
Öß


( �HA
��®�J ��ÖÏ

�
@ 	©J
�) �éK
Q 	¢	�

f + g
�	àA�
	̄
x0 ∈]a, b[ Y	J« ��A

��®�J ��C� Ë�
	á�
�JÊK. A

��̄
g :]a, b[→ R ð f :]a, b[→ R �I	KA

�
¿ @

�	X @�
	àA
��®
���®m��' ð ��A

��®�J ��C� Ë�
	á�
�JÊK. A

��̄ 	àA�	Kñº�K fg ð

(f + g)′(x0) = f ′(x0) + g′(x0)

(fg)′(x0) = f(x0)g
′(x0) + f ′(x0)g(x0)

��
���®m��' ð ��A

��®�J ��C� Ë�
�éÊK. A

��̄ 	àñº�K f
g

�	àA�
	̄
g(x0) 6= 0

�	à

@ A�	J 	® 	�


@ @

�	X @� ð

(
f

g
)′(x0) =

f ′(x0)g(x0)− f(x0)g
′(x0)

g(x0)2

	àA �ëQK.
ÈA
��JÖÏ @ ÉJ
�.� ú

�
Î«

lim
x→x0

(fg)(x)− (fg)(x0)

x− x0

= lim
x→x0

g(x)
f(x)− f(x0)

x− x0

+ lim
x→x0

f(x0)
g(x)− g(x0)

x− x0

@
�	X @�

(fg)′(x0) = f(x0)g
′(x0) + f ′(x0)g(x0)

�éÊ�JÓ

@

P ′(x) = a1 + ..+ nanx
n−1

�	àA�
	̄ XðYg �èQ�
�J» P (x) = a0 + ..+ anx

n �I	KA
�
¿ @

�	X @� (1

10



½Ë@
�	Y» ð (2

sin′(x) = cos(x), cos′(x) = −sin(x)

@
�	X @�

∀x ∈]− π

2
,
π

2
[, tan′(x) = 1 + tan2(x) =

1

cos2(x)

	àA
��®
���®j�J 	̄ �éJ
 ��


B@ ð �é�J
Ö

�ßPA
�	«ñÊ

�
Ë @ �éË @

��YË@ A
��Ó

@ (3

∀λ ∈ R, (eλx)′ = λeλx, ∀x ∈ R∗, (Ln(|x|))′ = 1

x

(ÉJ
�j��JË
�
@ �é�®�J ��Ó)

�éK
Q 	¢	�
Y	J« A�î �D

��®�J ��Ó A�êË g :]c, d[→ R ð x0 ∈]a, b[ Y	J« A�î �D
��®�J ��Ó A�êË f :]a, b[→ R �I	KA

�
¿ @

�	X @�
A�	JË ð x0 Y	J« A�î �D

��®�J ��Ó A�êË g ◦ f �	àA�
	̄
f(x0) ∈]c, d[

(g ◦ f)′(x0) = g′(f(x0)).f
′(x0)

	àA �ëQK.
�	àA�
	̄
a Y	J« É 	�A

�	®��JÊË�
�éÊK. A

��̄
f

�	à

@ A �Üß.

f(a+ h)− f(a) = hf ′(a) + hε(h)

lim
h→0

ε(h) = 0 �IJ
k
�	àA�
	̄
f(a) Y	J« É 	�A

�	®��JÊË�
�éÊK. A

��̄
g

�	à

@ A �Üß. ð

g(f(a) + k)− g(f(a)) = kg′(f(a)) + kε1(k)

lim
k→0

ε1(k) = 0 �IJ
k
i. �J

	�K
 k = hf ′(a) + hε(h) = f(a+ h)− f(a) © 	�ñK.

g(f(a+h))−g(f(a)) = hg′(f(a))f ′(a)+g′(f(a))(hε(h))+[hf ′(a)+hε(h)]ε1(hf
′(a)+hε(h))

@
�	X @�

11



g(f(a+ h))− g(f(a)) = [g′(f(a)).f ′(a)](h) + hε2(h)

�	à

@ A �Üß. ε2(h) = [g′(f(a))](ε(h)) + [f ′(a) + ε(h)]ε1(hf

′(a) + hε(h)) �IJ
k
lim
h→0

ε2(h) = 0

A�	JË ð a Y	J« É 	�A
�	®��JÊË�

�éÊK. A
��̄ 	àñº�K g ◦ f @

�	X @�
(g ◦ f)′(a) = [g′(f(a))].f ′(a)

��J
J.¢��
�	àA�
	̄
x0 ∈]a, b[ Y	J« ��A

��®�J ��C� Ë�
�éÊK. A

��̄
f :]a, b[→ R �I	KA

�
¿ @

�	X @�

∀n ∈ N∗, (fn)′(x0) = nfn−1(x0)f
′(x0)

	àA �ëQK.
@
�	X @� , f

n = g ◦ f ð g′(x) = nxn−1
�	àA�
	̄
g(x) = xn �I	KA

�
¿ 	à@� é�	K


@ ½Ë 	X

(fn)′(x0) = g′(f(x0))f
′(x0) = nfn−1(x0)f

′(x0)

	K
Qª�K
	¬�Qª	K x0 Y	J« ��A

��®�J ��C� Ë�
�éÊK. A

��̄
f ′ ð ��A

��®�J ��C� Ë�
�éÊK. A

��̄
f :]a, b[→ R �I	KA

�
¿ @

�	X @�
∀n ∈ N∗, f (n)(x0) = (f (n−1))′(x0)

	¬�Qª	K Z @ �Q�®�J�B� AK. ð f (2)(x0) = (f ′)′(x0)

. �éÊ���JÓ f (n) �I	KA
�
¿ 	à@� f ∈ Cn(]a, b[)

�	à

@ Èñ�® 	K

�	à

@ Èñ�® 	K ð f ∈ C∞(]a, b[)

�	à

@ Èñ�® 	J 	̄ ∀n ∈ N∗f ∈ Cn(]a, b[) �I	KA

�
¿ 	à@�

. �éÊ���JÓ �I	KA
�
¿ 	à@� f ∈ C0(]a, b[)

�éÊ�JÓ

@

��
���®m��' ð C∞(R) ú

�
Í@� ù

�Ò�J 	��K P (x) = a0 + a1x+ ..+ akx
k XðYg �èQ�
�J»

�
É¿ (1

∀n > k, P (n) = 0

12



C2(R) ú
�
Í@� ù

�Ò�J 	��K B
�
ð C1(R) ú

�
Í@� ù

�Ò�J 	��K f(x) = {0, x=0

x3sin( 1
x
), x6=0

�éË @
��YË
�
@ (2

�éK
Q 	¢	�
A�	JË ð fg ∈ Cn(]a, b[)

�	àA�
	̄
g ∈ Cn(]a, b[) ð f ∈ Cn(]a, b[) �I	KA

�
¿ @

�	X @�

(fg)(n) =
n∑
k=0

n!

k!(n− k)!
f (k)g(n−k)

	àA �ëQK.
�	à

@ 	�Q�� 	® 	JË (fg)′ = g′f + f ′g

�	à

@ 	¬Qª	K n = 1 	àA

�
¿ @

�	X @� ú
æ
	�A�K
QË @ Z @ �Q�®�J�B� AK.�	àA�

	̄
n

�éJ. �KQË @ ú
�
Í@�

�é�®
���®j�JÓ �é 	ªJ
 ��Ë@

(fg)(n+1) = [(fg)(n)]′ = [
n∑
k=0

n!

k!(n− k)!
f (k)g(n−k)]′

=
n∑
k=0

n!

k!(n− k)!
f (k+1)g(n−k) +

n∑
k=0

n!

k!(n− k)!
f (k)g(n−k+1)

�	àA�
	̄ Q�
 	g


B@ ©Ò�m.Ì'@ ú

	̄
� s = k ð Q�
 	g


B@ ÉJ.

�®Ë @ ©Ò�m.Ì'@ ú
	̄
� s = k + 1 © 	�ñK. ð

n∑
k=0

n!

k!(n− k)!
f (k+1)g(n−k) =

n+1∑
s=1

n!

(s− 1)!(n− s+ 1)!
f (s)g(n−s+1)

�	à

@ A �Üß. ð

=
n+1∑
s=1

n!

(s− 1)!(n− s+ 1)!
f (s)g(n−s+1) =

n∑
s=1

n!

(s− 1)!(n− s+ 1)!
f (s)g(n−s+1)+f (n+1)g

@
�	X @�

[(fg)(n+1)] = f (n+1)g+fg(n+1)+
n∑
s=1

(
n!

(s− 1)!(n− s+ 1)!
+

n!

s!(n− s)!
)f (s)g(n−s+1)
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=
n+1∑
k=0

n!

k!(n+ 1− k)!
f (k)g(n+1−k)

�éK
Q 	¢	�
ð

@ ù �Ò 	¢ªË@ A�î �DÒJ


�̄ ú
�
Í@� É��� ð x0 ∈]a, b[ Y	J« ��A

��®�J ��C� Ë�
�éÊK. A

��̄
f :]a, b[→ R �I	KA

�
¿ @

�	X @�
f ′(x0) = 0

�	àA�
	̄
x0 Y	J« ø �Q 	ª�Ë@

	àA �ëQK.
@
�	YîE. ð ∀x ∈]a, b[, f(x) ≥ f(x0) @

�	X @ x0 Y	J« ø �Q 	ª�Ë@ A�î �DÒJ

�̄ ú

�
Í@� É��� f �	à


@ 	�Q�� 	® 	JË

' @
�	X @� lim

x→x−0

f(x)− f(x0)

x− x0

≤ 0 ð lim
x→x+

0

f(x)− f(x0)

x− x0

≥ 0 	àñºK


f ′(x0) = lim
x→x0

f(x)− f(x0)

x− x0

= 0

A�î �DÒJ

�̄ ú

�
Í@� É��� f �I	KA

�
¿ 	à@� é�	K


@ (−f) XA �Ò�J«A�K. ð


@ �é�®K
Q �¢Ë@ � 	® 	JK. �IJ.

�� 	K 	à

@ ©J
¢

���	�
f ′(x0) = 0

�	àA�
	̄
x0 Y	J« ù �Ò 	¢ªË@

Q��Ó 4 é¢J
m× Èñ£ ÉJ
¢
���ÖÏ �ékA ��Ó Q�.»


@ Ym.�

	' 	à@ 	áºÖß
 �é�®K. A
���Ë@ �é�K
Q 	¢	J

�
ÊË ��J
J.¢�J»

( Rolle ÈðP ) �éK
Q 	¢	�
��
���®m��' ð ]a, b[ ú

�
Î« ��A

��®�J ��C� Ë�
�éÊK.� A

��̄ ð �éÊ���J �Ó �éË @ �X f : [a, b]→ R ð a < b 	áº�JË
�IJ
m�'. c ∈]a, b[ Yg. ñK
 é�	K A�

	̄
f(a) = f(b)

f ′(c) = 0

	àA �ëQK.
A�î �DÒJ


�̄ ú
�
Í@� É��� ð c1 ∈ [a, b] Y	J« m ø �Q 	ª�Ë@ A�î �DÒJ


�̄ ú
�
Í@� É��� A�î�	EA�

	̄ �éÊ���JÓ f �	à

@ A �Üß.

c ∈]a, b[ �ø


@ ð �é�JK. A

��K 	àñº�K f �	àA�
	̄
m = M �I	KA

�
¿ @

�	X @� . c2 ∈ [a, b] Y	J« M ù�Ò 	¢ªË@
c2 ∈]a, b[ A

��Ó@� ð f ′(c1) = 0 A �ëY	J« c1 ∈]a, b[ A
��ÓA�
	̄
m < M 	àA

�
¿ @

�	X @� A
��Ó

@ . 	�Q 	ªËA�K. ù 	®� �K

f ′(c2) = 0 A �ëY	J«
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�éÊ�JÓ

@

−x2 + x ≤ 0
�	àA�
	̄ |x| ≥ 1 	àA

�
¿ @

�	X @ f(x) = e−x
2+x+1 �éË @

��YÊË� ù �Ò 	¢ªË@ �éÒJ

�®Ë @ ù
 ë A �Ó

c ∈ [−1, 1] Y	J« ù �Ò 	¢ªË@ A�î �DÒJ

�̄ ú

�
Í@� É��� f �éÊ���JÖÏ @ �éË @

��YË@ [−1, 1] ú
�
Î« f(x) ≤ e @

�	X @��	à

@ A �Üß. ð f ′(c) = 0 	àA

�
¾Ë c ∈]− 1, 1[ �I	KA

�
¿ ñË �é�®Ê 	ªÓ ð �èXðYm× �èQ�� 	®Ë @ �	à


B

C
�
ª 	̄ ù
 ë ù �Ò 	¢ªË@ �éÒJ


�®Ë @ 	àñº�K ½Ë@
�	YK. ð c = 1

2

�	àA�
	̄
f ′(x) = (−2x+ 1)e−x

2+x+1

ø �Q 	ª ��Ë@ A�î �DÒJ

�̄ �
È@� É��� B

�
f

�	à

@ 	�kC

� 	K . f(1
2
) > f(1) > f(−1)

�	à

B f(1

2
) = e

5
4

. f ′(x) = 0
��
���®m��' x ∈ R �éJ
 	K A

��K �é¢�® 	K Yg. ñ�K B
�
é�	K

B

(mean value theorm)
�é¢ ��ñ�JÖÏ @ �éÒJ
�®Ë @ �éK
Q 	¢	�

Yg. ñK
 é�	K A�
	̄

]a, b[ ú
�
Î« ��A

��®�J ��C� Ë�
�éÊK.� A

��̄ ð �éÊ���J �Ó �éË @ �X f : [a, b]→ R ð a < b 	áº�JË
�IJ
m�'. c ∈]a, b[

f(b)− f(a) = (b− a)f ′(c)

	àA �ëQK.
g(x) = f(x)− f(a)− f(b)−f(a)

b−a (x− a)
	¬Qª	JË

Yg. ñK
 ÈðP �éK
Q 	¢	� XA �Ò�J«A�K. ]a, b[ ú
�
Î« ��A

��®�J ��C� Ë�
�éÊK.� A

��̄ ð [a, b] ú
�
Î« �éÊ���JÓ g

�éË @
��YË@

@
�	X @� g

′(c) = 0 �IJ
m�'. c ∈]a, b[

f(b)− f(a) = (b− a)f ′(c)

�éK
Q 	¢	�
�IJ
m�'. I ú

�
Î« ��A

��®�J ��C� Ë�
�éÊK.� A

��̄ ð �éÊ���J �Ó �éË @ �X f : I → R ð I ∈ R �èQ�� 	̄ 	Y 	g

A 	JË

�é�JK. A
��K 	àñº�K f �	àA�

	̄ ∀c ∈ I, f ′(c) = 0

	àA �ëQK.
ú
�
Î« ��A

��®�J ��C� Ë�
�éÊK.� A

��̄ ð �éÊ���J �Ó �éË @ �X f : [a, b]→ R
�	àA�
	̄
I 	áÓ 	áK
Qå� 	J« a < b 	áºJ
Ë
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f(b) = f(a) @
�	X @� f(b)− f(a) = (b− a)f ′(c) �IJ
m�'. c ∈]a, b[ Yg. ñK
 é�	K A�

	̄
]a, b[

�éK
Q 	¢	�
��A
��®�J ��C� Ë�

	á�
�JÊK.� A
��̄ ð 	á�
�JÊ�

��J �Ó 	á�
�JË @
�X g : I → R ð f : I → R ð I ∈ R �èQ�� 	̄ 	Y 	g


A 	JË

�IJ
m�'. c ∈ R Yg. ñK
 é�	K A�
	̄ ∀x ∈ I, f ′(x) = g′(x) �IJ
m�'. I ú

�
Î«

f = g + c

	àA �ëQK.
�IJ
m�'. c ∈ R Yg. ñK
 @

�	X @� ∀x ∈ I, (f − g)′(x) = 0
�	àA�
	̄ �é �®K. A

���Ë@ �éK
Q 	¢	JË @ ú
�
Î« YÒ�Jª 	K
f = g + c

�éK
Q 	¢	�
	àñº�K f �	àA�

	̄
I ú

�
Î« ��A

��®�J ��C� Ë�
�éÊK.� A

��̄ ð �éÊ���J �Ó �éË @ �X f : I → R ð I ∈ R �èQ�� 	̄ 	Y 	g

A 	JË

¡�® 	̄ ð @
�	X @�

�é��̄ A�	J�JÓ f 	àñº�K ½Ë@
�	Y» ð ∀x ∈ I, f ′(x) ≥ 0 	à@� ¡�® 	̄ ð 	à@�

�èY«A ���JÓ
∀x ∈ I, f ′(x) ≤ 0 @

�	X @�	àA �ëQK.
�	àA�
	̄ �èY«A ���JÓ f �I	KA

�
¿ @

�	X @�

lim
x→x+

0

f(x)− f(x0)

x− x0

≥ 0

I. k. ñÓ
�
É¿ ÐA

��®ÖÏ @ ð ¡��. Ë @ 	áÓ
�
É¿ �	à


@ ½Ë 	X

�IJ
m�'. c ∈]a, b[ Yg. ñK
 é�	K A�
	̄

[a, b] ⊂ I ð ∀x ∈ I, f ′(x) ≥ 0 �I	KA
�
¿ @

�	X @� A
��Ó

@

�èY«A ���JÓ f 	àñº�K @
�	YîE. ð f(b) ≥ f(a) @

�	X @� f(b)− f(a) = (b− a)f ′(c)

�HA �	¢kC
�
Ó

½Ë 	Y» A �ª¢�̄ �èY«A ���JÓ 	àñº�K f �	àA�
	̄ ∀x ∈ I, f ′(x) > 0 �I	KA

�
¿ 	à@� é�	K


@ 	á�
J. K
 	àA �ëQ�. Ë @ @

�	Yë
(x < y ⇔ f(x) > f(y)) A �ª¢�̄ �é��̄ A�	J�JÓ 	àñº�K f �	àA�

	̄ ∀x ∈ I, f ′(x) < 0 �I	KA
�
¿ 	à@�
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f ′(0) = 0
�	à

@ Ñ 	«P A �ª¢�̄ �èY«A ���JÓ A�î�	EA�

	̄
f(x) = x3 �éË @

��YË@ A
��Ó

@

�éK
Q 	¢	�
	á�
�JÊK. A

��̄ ð [a, b] ú
�
Î« 	á�
�JÊ�

��JÓ 	á�
�JË @
�X g : [a, b]→ R ð f : [a, b]→ R �I	KA

�
¿ @

�	X @�
�IJ
m�'. c ∈]a, b[ Yg. ñK
 é�	K A�

	̄
]a, b[ ú

�
Î« ��A

��®�J ��C� Ë�

(f(b)− f(a))g′(c) = (g(b)− g(a))f ′(c)

	àA �ëQK.
0 @

�	X @� g
′(c) = 0 �IJ
m�'. c ∈]a, b[ Yg. ñK
 é�	K A�

	̄
g(b) = g(a) 	àA

�
¿ @

�	X @�
0 = (f(b)− f(a))g′(c) = (g(b)− g(a))f ′(c)

�éË @
��YË@ YÒ�Jª 	J 	̄ g(b) 6= g(a) 	àA

�
¿ @

�	X @� A
��Ó

@

h(x) =
f(b)− f(a)

g(b)− g(a)
(g(x)− g(a))− (f(x)− f(a))

�IJ
m�'. c ∈]a, b[ Yg. ñK
 @
�	X @� h(a) = h(b) = 0

�	à

@ ø �Q 	K

h′(c) =
f(b)− f(a)

g(b)− g(a)
g′(c)− f ′(c) = 0

	àñºK
 @
�	YîE. ð

(f(b)− f(a))g′(c) = (g(b)− g(a))f ′(c)

(l′Hospital′s rules) É�JK. ñË �èY«A
��̄

	á�
�JÊK. A
��̄ ð [a, b] ú

�
Î« 	á�
�JÊ�

��JÓ 	áK

�éË @ �X g : [a, b]→ R ð f : [a, b]→ R �I	KA

�
¿ @

�	X @�
ú 	̄�

�èXñk. ñÓ 	àñº�K lim
x→a+

f ′(x)

g′(x)
ð f(a) = f(b) = 0 �IJ
m�'. ]a, b[ ú

�
Î« ��A

��®�J ��C� Ë�
é�	K A�

	̄
[−∞,+∞]

lim
x→a+

f(x)

g(x)
= lim

x→a+

f ′(x)

g′(x)
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	àA �ëQK.
é�	K

@ 	á��
J. �K

�é�®K. A
���Ë@ �é�K
Q 	¢	JË @

∀x ∈]a, b[,∃cx ∈]a, x[,
f(x)

g(x)
=
f(x− f(a))

g(x)− g(a)
=
f ′(cx)

g′(cx)

@
�	X @� limx→a+ cx = a A�	KY 	J«

lim
x→a+

f(x)

g(x)
= lim

x→a+

f ′(x)

g′(x)

�éK
Q 	¢	�
	àñºK
 f(I) = J

�	àA�
	̄
I

�èQ�� 	̄ ú
�
Î« (C

�
ª 	̄ ð


@) A �ª¢�̄ �èY«A ���JÓ ð �éÊ���JÓ �éË @ �X f 	áº�JË

ð A �ª¢�̄ �èY«A ���JÓ ð �éÊ���JÓ 	àñº�K g A�îD�ñºªÓ ð J ú
�
Í@� I

	áÓ Q 	£A�	J�K 	àñº�K f ð �èQ�� 	̄

f(I) = J
�	àA�
	̄
I

�èQ�� 	̄ ú
�
Î« (C

�
ª 	̄ ð


@) A �ª¢�̄ �é��̄ A�	J�JÓ ð �éÊ���JÓ �éË @ �X f 	áº�JË ½Ë 	Y»

�é��̄ A�	J�JÓ ð �éÊ���JÓ 	àñº�K g A�îD�ñºªÓ ð J ú
�
Í@� I

	áÓ Q 	£A�	J�K 	àñº�K f ð �èQ�� 	̄ 	àñºK

A �ª¢�̄

	àA �ëQK.
�éÒJ


�®Ë @ �é�K
Q 	¢	� XA �Ò�J«A�J.
	̄ �éÊ���JÓ f

�	à

@ A �Üß. A �ª¢�̄ �èY«A ���JÓ ð �éÊ���JÓ �éË @ �X f

�	à

@ 	�Q�� 	® 	JË

f
�	àA�
	̄

(x < y)⇔ (f(x) < f(y))
�	à

@ A �Üß. ð �èQ�� 	̄ ù
 ë f(I) = J

�	à

@ 	¬Qª	K �é�J
¢�ñË@

	áK
X
�Y« 	Y 	g


A 	JË A�îD�ñºªÓ g 	áºJ
Ë Q 	£A�	J�K ù
 ë f : I → J = f(I) �Õç�' 	áÓ ð 	áK
A�J. �K 	àñº�K

@
�	X @� t = f(y) ð r = f(x) �IJ
m�'. I ú 	̄� y ð x 	áK
X

�Y« Yg. ñK
 é�	K A�
	̄
J 	áÓ r < t

(r = f(x) < t = f(y))⇔ (g(r) = x < g(t) = y)

�é�J
Ê 	g@ �X �é¢�® 	K Y 	J« �éÊ���JÓ Q�

	« g �I	KA

�
¿ @

�	X @� A �ª¢�̄ �èY«A ���JÓ g 	àñº�K @
�	YîE. ð

�	àA�
	̄
f(x0) = X0 ∈ J

l1 = lim
X→X−0

g(X) < l2 = lim
X→X+

0

g(X)
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�	à

@ B

�
@� f(l1) < f(l2) ð A �ª¢�̄ �èY«A ���JÓ f �	à


B 	àA��KXñk. ñÓ 	àA��JK
A�î

�	DË @ A��JÊ¿

f(l1) = f( lim
X→X−0

g(X)) = lim
X→X−0

f(g(X)) = X0

½Ë 	Y» ð �éÊ���JÓ f �	à

B

f(l2) = f( lim
X→X+

0

g(X)) = lim
X→X+

0

f(g(X)) = lim
X→X−0

X = X0

�éË @ �X f 	àñº�K A �ÓY 	J« 	àA �ëQ�. Ë @
�øP�A

��®Ë @ YªJ
Ë
�éÊ���JÓ f

�	à

B f(lim ..) = lim f() Q��
 	ª 	K

. �é�J
Ê 	g@ �X Q�

	« J 	áÓ �é¢�® 	K X0 ð A �ª¢�̄ �é��̄ A�	J�JÓ ð �éÊ���JÓ

�éK
Q 	¢	�
Y	J« ��A

��®�J ��C�
�
Ë �éÊK. A

��̄ ð I
�èQ�� 	̄ ú

�
Î« (C

�
ª 	̄ ð


@) A �ª¢�̄ �èY«A ���JÓ ð �éÊ���JÓ �éË @ �X f 	áº�JË

A�	JË ð f(x0) Y	J« ��A
��®�J ��C�

�
Ë ÉK. A

��̄ 	àñºK
 g A�îD�ñºªÓ 	àA�
	̄
f ′(x0) 6= 0 ð x0 ∈ I

g′(f(x0)) =
1

f ′(x0)

	àA �ëQK.
g

�	à

@ A �Üß. (X0 = f(x0))⇔ (g(X0) = x0) ð (X = f(x))⇔ (g(X) = x) A�	KY 	J«

@
�	X @� (X → X0)⇔ (x→ x0)

�	àA�
	̄ �é �®K. A

���Ë@ �é�K
Q 	¢	JË @ 	áÓ �éÊ���JÓ

lim
X→X0

g(X)− g(X0)

X −X0

= lim
x→x0

x− x0)

f(x)− f(x0)
=

1

f ′(x0)

��J
J.¢��
I. J
m.Ì'@ �ñ�̄ A�îD�ñºªÓ @

�	X @� [−π
2
,+π

2
] ú

�
Î« A �ª¢

��̄ �èY«A ���JÓ (sinx) I. J
m.Ì'@
�éË @

��YË
�
@ (1

A�	JË ð [−1, 1] ú
�
Î« A �ª¢�̄ YK� @

�	Q��Ó (arcsinx)

arcsin′(sinx) =
1

cosx
=

1√
1− sin2(x)

@
�	X @�
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∀x ∈]− 1, 1[, arcsin′(x) =
1√

1− x2

I. J
k. �ñ�̄ A�îD�ñºªÓ @
�	X @� [0, π] ú

�
Î« A �ª¢

��̄ �é��̄ A�	J�JÓ (cosx) ÐA �Ò��JË @ I. J
k.
�éË @

��YË
�
@ (2

A�	JË ð [−1, 1] ú
�
Î« A �ª¢�̄ �é��̄ A�	J�JÓ (arccosx) ÐA �Ò��JË @

arccos′(cosx) =
−1

sinx
=

−1√
1− cos2(x)

@
�	X @�

∀x ∈]− 1, 1[, arccos′(x) =
−1√

1− x2

�	àA�
	̄ �Õç�' 	áÓð [−1, 1] ú

�
Î« �é�JK. A

��K 	àñº�K arcsinx+ arccosx
�éË @

��YË@ @
�	X @�

∀x ∈ [−1, 1], arcsinx+ arccosx = arcsin0 + arccos0 =
π

2

�A�Ò��JË @ �ñ�̄ A�îD�ñºªÓ @
�	X @� [−π

2
,+π

2
] ú

�
Î« A �ª¢

��̄ �èY«A ���JÓ (tanx) �A�Ò��JË @ �éË @
��YË
�
@ (3

A�	JË ð R ú
�
Î« A �ª¢�̄ YK� @

�	Q��Ó (arctanx)

∀x ∈ R, arctan′x =
1

1 + x2

¨A ��
���@� A�îD�ñºªÓ @

�	X @� R ú
�
Î« A �ª¢

��̄ �èY«A ���JÓ (sh) øY� K� @
��	QË @ I. J
m.Ì'@

�é�®K
Q �¢Ë@ � 	® 	JK. (4
A�	JË ð R ú

�
Î« A �ª¢�̄ YK� @

�	Q��Ó 	àñºK
 argsh(x) øY� K� @
��	QË @ I. J
m.Ì'@

∀x ∈ R, argsh′(sh(x)) =
1

ch(x)
=

1√
1 + sh2(x)

ú
�
Î« É ��j�J 	K t = sh(x) © 	�ñK. ð ch2 = 1 + sh2(x)

�	à

B

∀x ∈ R, argsh′(t) =
1√

1 + t2

@
�	X @� [0,∞[ ú

�
Î« A �ª¢

��̄ �èY«A ���JÓ (ch) øY� K� @
��	QË @ ÐA �Ò��JË @ I. J
k.

�é�®K
Q �¢Ë@ � 	® 	JK. (5

A�	JË ð [1,∞[ ú
�
Î« A �ª¢�̄ YK� @

�	Q��Ó 	àñºK
 argch(x) øY� K� @
��	QË @ ÐA �Ò��JË @ I. J
k. ¨A ��

���@� A
�îD�ñºªÓ
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∀x ∈]1,∞[, argch′(x) =
1√

x2 − 1

øY� K� @
�	QË @

�
É 	¢Ë@ @ �Q�
 	g


@ ð (6

th(x) =
sh(x)

ch(x)
=
ex − e−x

ex + e−x

��
���®m�'


∀x ∈ R, th′(x) =
ch2(x)− sh2(x)

ch2(x)
=

1

ch2(x)

	àñºK
 argth øY� K� @
�	QË @

�
É 	¢Ë@ ¨A ��

���@� éJ

�Ò�	� A�îD�ñºªÓ ð A �ª¢�̄ �èYK� @

�	Q��Ó th
�éË @

��YËA 	̄ @
�	X @�

��
���®m�'
 ð ]− 1,+1[ ú

�
Î« 	¬�QªÓ

argth′(th(x)) =
1

th′(x)
=

1

1− th2(x)

ú
�
Î« É ��j�J 	J 	̄ t = th(x) A�	Jª 	�ð @

�	X @� ð

∀t ∈]− 1,+1[, argth′(t) =
1

1− t2

�IJ
m�'. c ∈ R �IK. A
��K Yg. ñK
 é�	K A�

	̄
(1

2
Ln(1+x

1−x))′ = 1
1−x2

�	à

@ A �Üß. ð

∀x ∈]− 1,+1[, argth(x) =
1

2
Ln(

1 + x

1− x
) + c

ú
�
Î« É ��j�J 	K x = 0 Y	J« 	á�


	̄Q �¢Ë@ H. A ��m�'. ð

∀x ∈]− 1,+1[, argth(x) =
1

2
Ln(

1 + x

1− x
)

A
��®K. A �� �HYÒ�J«


@ �é�J
Ê��

	̄ �H@ �PA�J. �J 	k@� �ñ�	JË h.
	XñÖ 	ß ú

�
ÎK
 A �Ó ú


	̄

É�J
 	̄ ½ÊÖÏ @ �éªÓA �g.
ÐñÊªË@ �éJ
Ê¿

1424 È �ðB
�
@ ©J
K. P 2 �HA�J
 	�A�K
QË @ Õæ��̄
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	á�
�J«A �� ú

	̄ (ÉÒ�JºÓ Q�
 	«) ú


G� A
�î 	DË @ PA�J. �J 	kB

��
@ 1 ù


�®J
�®k ÉJ
Êm�
�'

ÈðB
�
@ 	áK
QÒ�JË @

é�	K

@ 	á�
K. ]a, b[ ú

�
Î« ��A

��®�J ��C
�
Ë� 	á�
�JÊK. A

��̄ ð [a, b] ú
�
Î« 	á�
�JÊ�

��JÓ g ð f 	á�
�JË @
�X 	Y 	gA�	JË (1

�IJ
m�'. c ∈]a, b[ Yg. ñK

(f(b)− f(a))g′(c) = (g(b)− g(a))f ′(c)

é�	K

@ 	á�
K. f(0) = f(1) = f ′(0) = 0 �IJ
m�'.

��A
��®�J ��C

�
Ë�

�éÊK. A
��̄, f : R→ R 	áº�JË (2

f ′(c) = f(c)
c

�IJ
m�'. c ∈]0, 1[ Yg. ñ�K

lim
x→0

(
x2 + x+ 1

x2 + 1
)x ð lim

n→∞

n∑
k=1

Log(n+ k)− logn
n+ k

�éJ
ËA
���JË @ �HA�K
A�î 	DË @ Yg. ð


@ (3

ú

	GA
��JË @ 	áK
QÒ�JË @

f(x) = x3 + 2x I. �k �é 	̄QªÓ , f : R→ R 	áº�JË

lim
x→0

g(x)

x
=

1

2

��
���®m�'
 ( g �ñºªÓ ð


@) H. ñÊ

�®Ó f �éË @ �YÊË�
�	à

@ 	á�
K. ð f(R) Yg. ð


@ (1

g′(3) Yg. ð

@ ð 	á�
�K�QÓ

��A
��®�J ��C

�
Ë� ÉK. A

��̄
g

�	à

@ 	á�
K. (2

ÈA ��
���B
�
@ �éÒ 	¢�J 	JÓ g �éË @

��YË@ Éë , lim
x→∞

g(x)

x
ð lim

x→∞
g′(x) Yg. ð


@ (3

g(x)
x

�	à

@ i. �J 	J

���

@ ð g(x)

x
< 1

2

�	àA
�	̄ |x| > A É¾Ë �IJ
m�'. , A > 0 Yg. ñK
 é�	K


@ 	á�
K. (4

ù�Ò 	¢ªË@ A�î �DÒJ

�̄ ú

�
Í@ É���

�IËA
��JË @ 	áK
QÒ�JË @

(x2 + 1)cosx
�éË @ �YÊË�

�è�Qº�JÖÏ @ �HA
��®�J ��ÖÏ @ Yg. ð


@ (1

arctanx+ arctan 1
x

�éÒJ

�̄
x ∈ R∗ É¾Ë Yg. ð


@ (2

lim
x→∞

sin 1
1+x
− sin 1

x
π
2
− arctanx

Yg. ð

@ (3
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�
ÉmÌ'@

Èð

B@ 	áK
QÒ�JË @

�
Ég

É�JK�ñË
�é�K
Q 	¢	� �I�®J.� ú


�æË @ �é�K
Q 	¢	JË @ Q 	¢ 	�

@ (1

ú
�
Î« ��A

��®�J ��C� Ë�
�éÊK. A

��̄
g

�	àA�
	̄ R ú

�
Î« ��A

��®�J ��C� Ë�
�éÊK. A

��̄
f

�	à

@ A �Üß. g(x) = f(x)

x
	áºË (2

	¬�Qª	K 	à

@ I. m.�'
 Q 	® ��Ë@ Y 	J« �éÊ���JÓ g 	àñº�K ú ��æk . R∗

c ∈]0, 1[ Yg. ñ�K ÈðP 	áÓ g(0) = g(1) = 0
�	à

@ A �Üß. g(0) = limx→0

f(x)
x

= f ′(0) = 0

f ′(c) = f(c)
c

�	à

@ ø



@ g′(c) = cf ′(c)−f(c)

c2
= 0 �IJ
m�'.

A�	JË 	àA �Üß
P �HC
�
ÓA
�
¾�K ��J
J.¢

��K. (3

lim
n→∞

n∑
k=1

Log(n+ k)− logn
n+ k

= lim
n→∞

1

n

n∑
k=1

Log(1 + k
n
)

1 + k
n

=

∫ 1

0

Log(1 + x)

1 + x
dx = (log2)2

lim
x→0

(
x2 + x+ 1

x2 + 1
)x = e @

�	X @� lim
x→0

(
x2 + x+ 1

x2 + 1
)2x = e2

�	à

@ A�	J�J�. �K


@ A
��	K

@ ��J.� ð

ú

	GA
���JË @ 	áK
QÒ�JË @

�
Ég

	¡kC
� 	K . f(R) = R @

�	X @�
�éÊÓA ��� 	àñº�K �é�K
XQ

	̄ �ék. PX ú

�G @
�	X XðYg �èQ�
�J»

�
É¿ �	à


@ A�	J 	̄Q« (1

f
�éË @

��YÊË� 	àñºK
 �ñºªÖÏ @ �é�K
Q 	¢	� 	áÓ ð C
�
ª 	̄ �èYK� @

�	Q��Ó f @
�	X @� f

′(x) = 3x2 + 1 > 0
�	à

@

@
�	X @� g(0) = 0

�	àA�
	̄
f(0) = 0

�	à

@ A �Üß. ð g �ñºªÓ

lim
x→0

g(x)

x
= lim

x→0

g(x)− g(0)

x
= g′(0) = g′(f(0)) =

1

f ′(0)
=

1

2

	àA��JÊK. A
��̄
g ð f ′

�	à

@ A �Üß. g′(x) = 1

f ′(g(x)

��
���®m��' �é

��®�J ��ÖÏ @ �ñºªÖÏ @ �é�K
Q 	¢	� 	áÓ (2
	àñº�K g′ = 1

f ′◦g @
�	X @� PA

�	®�

@ A�êË ��
Ë ð ��A

��®�J ��C� Ë�
�éÊK. A

��̄ 	àñº�K f ′ ◦ g �	àA�
	̄ ��A

��®�J ��C� Ë�
g′(3) = g′(f(1)) = 1

f ′(1)
= 1

5
A�	JË ð 	á�
�K�QÓ

��A
��®�J ��C

�
Ë� ÉK. A

��̄
g 	à


@ ø



@ ��A

��®�J ��C� Ë�
�éÊK. A

��̄
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@
�	X @� lim

x→∞
g(x) =∞ @

�	X @�
�èY«A ���JÓ ð �éÊÓA ��� g

�	à

@ 	¬Qª	K (3

lim
x→∞

g′(x) = lim
x→∞

1

f ′(g(x))
= lim

x→∞

1

3g2(x) + 2
= 0

�	à

@ A�	J��
K. 	à


@ ��J.� Y�®Ëð

lim
x→∞

g′(x) = lim
x→∞

g(x)

x
= 0

�éÒJ

�®Ë @ �é�K
Q 	¢	� 	áÓ @

�	X @�
�èXðYm× g′

�	àA�
	̄

lim
x→∞

g′(x) = 0
��
���®m��' ð �éÊ���JÓ g′

�	à

@ A �Üß. ð

. ÈA ��
���B@ �éÒ 	¢�J 	JÓ g 	àñº�K �é¢ ��ñ�JÖÏ @

, A > 0 Yg. ñK
 �IK
A�î 	DË @
	K
Qª�K 	áÔ 	̄ lim

x→−∞

g(x)

x
= 0 ð lim

x→∞

g(x)

x
= 0

�	à

@ A �Üß. (4

A�î �DÒJ

�̄ ú

�
Í@ É��� g(x)

x
É��� [−A,+A]

�èQ�� 	®Ë @
�
É« g(x)

x
< 1

2

�	àA�
	̄ |x| > A É¾Ë �IJ
m�'.

M = g(x0)
x0
≥ 1

2
ø
 ðA

���� ú

�æË @ ù �Ò 	¢ªË@

x0 Y	J« R ú
�
Î« ù�Ò 	¢ªË@ A�î �DÒJ


�̄ ú
�
Í@ É��� g(x)

x
@
�	X @� ∀x ∈ R, g(x)

x
≤M

�	à

@ i. �J 	J

���	�

�IËA
���JË @ 	áK
QÒ�JË @

�
Ég

ð f(x) = x2 + 1 © 	�	� (x2 + 1)cosx
�éË @ �YÊË�

�è�Qº�JÖÏ @ �HA
��®�J ��ÖÏ @ XA�m.�'
B�

(1
�èY«A

��®Ë @ ���J.¢
	� ð g(x) = cosx

(fg)(n) =
n∑
k=0

n!

k!(n− k)!
f (k)g(n−k)

@
�	X @� ∀k > 2, f (k) = 0 ð f (2)(x) = 2 ð f ′(x) = 2x A�	JË

[(x2 + 1)cosx](n) = (x2 + 1)[cosx](n) + 2x[cosx](n−1) + 2[cosx](n−2)

�	à

@ ½Ë 	X 4 ú

�
Î« k

�éÒ��®Ë@ ú

�̄ A�K. ú

�
Î« YÒ�JªK
 [cosx](k)

�é 	ªJ
�
�	à

@ ÕÎªË@ ©Ó

ð [cosx](4p+2) = −cosx ð [cosx](4p+1) = −sinx ð [cosx](4p) = cosx

[cosx](4p+3) = sinx

[arctanx+ arctan 1
x
]′ = 1

1+x2 + x−2

1+x−2 = 0 Yj. 	J
	̄
arctanx+ arctan 1

x

����J ��	� (2
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x > 0 �I	KA
�
¿ @

�	XA�
	̄ R∗ 	áÓ �èQ�� 	̄

�
É¿ ú

�
Î« �é�JK. A

��K 	àñº�K arctanx+ arctan 1
x

�éË @
��YË@ @

�	X @�
arctanx+ arctan 1

x
= arctan(1) + arctan(1) = π

2

�	àA�
	̄

arctanx+ arctan 1
x

= arctan(−1) + arctan(−1) = −π
2

�	àA�
	̄
x < 0 �I	KA

�
¿ @

�	X @� ð

@
�	X @� t = 1

x
© 	�	� . ∀x > 0, π

2
− arctanx = arctan 1

x

�	à

@ 	¡kC

� 	K (3

lim
x→∞

sin 1
1+x
− sin 1

x
π
2
− arctanx

= lim
t→0

sin t
1+t
− sint

arctant

É�JK�ñË ÉÒª�J�	�

lim
x→∞

sin 1
1+x
− sin 1

x
π
2
− arctanx

= lim
t→0

1
(1+t)2

cos t
1+t
− cost

1
1+t2

= 0

É�J
 	̄ ½ÊÖÏ @ �éªÓA �g.
ÐñÊªË@ �éJ
Ê¿

1425 È@ ��ñ �� 10 �HA�J
 	�A�K
QË @ Õæ��̄

	á�
�J«A �� ú

	̄ ú

�
Î� 	®Ë@ PA�J. �J 	kB

��
@ 1 ù


�®J
�®k ÉJ
Êm�
�'

Èð

B@ 	áK
QÒ�JË @

�IJ
m�'. c ∈ [0, 1
2
] Yg. ñ�K é�	K


@ 	á��
K. f(0) = f(1)

��
���®m��' f : [0, 1]→ R �éÊ���JÓ �éË @ �X

�
É¾Ë

�é 	¢mÌ
�
É¿ Y	J« ð �é�J
 	�P


B@ �èQºË@ 	áÓ Z@ �ñ�J�B� @

�¡ 	k ú
�
Î« é�	K


@ i. �J 	J

���@� f(c) = f(c+ 1
2
)

ø

�ñm.Ì'@ ¡ 	ª 	�Ë@ � 	® 	K A �ÒêË (Q¢�®Ë@ � 	® 	K ú

�
Î«) A��K
Q¢

�̄ 	àA��KQ 	£A�	J�JÓ 	àA��J¢�® 	K Yg. ñ�K

ú

	GA
���JË @ 	áK
QÒ�JË @

lim
|x|→∞

f ′(x) = 0
��
���®m��' ð ��A

��®�J ��C�
�
Ë �éÊK. A

��̄ �éË @ �X f : R→ R 	áº�JË (1

R ú
�
Î« ÈA ��

���B
�
@ �éÒ 	¢�J 	JÓ f �	à


@ 	á�
K. (


@
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lim
|x|→∞

f(x)

x
= 0

�	à

@ 	á�
K. (H.

∀x > −1, x
1+x
≤ ln(1 + x) ≤ x 	à


@ 	á�
K. (2

∀n ∈ N, (1 + 1
n
)n < e < (1 + 1

n
)n+1

�	à

@ i. �J 	J

���@�ð
�IËA

���JË @ 	áK
QÒ�JË @
�éJ
ËA

���JË @ �HA�K
A�î
�	DË @ Yg. ð


@

lim
x→1+

(
sin(x− 1)

x− 1
)

1
x−1 , lim

|x|→∞
x3(tan

1

x
− 1

x
), lim

|x|→∞
(
x2 + x+ 1

x2 + 1
)2x

�
ÉmÌ'@

Èð

B@ 	áK
QÒ�JË @

�
Ég

��
���®m��' ð [0, 1

2
] ú

�
Î« �éÊ���JÓ g

�éË @
��YË@ g(x) = f(x)− f(x+ 1

2
) 	áº�JË

ø �Q 	k

@ ð �éJ.k. ñÓ Õæ


�̄ A�êË g @
�	X @� g(1

2
) = f(1

2
)− f(1) = −g(0) ð g(0) = f(0)− f(1

2
)

ø


@ g(c) = 0 �IJ
m�'. c ∈ [0, 1

2
] Yg. ñ�K

�é�J
¢�ñË@
�éÒJ


�®Ë @ �é�K
Q 	¢	� 	áÓ �éJ. Ë A ��
f(c) = f(c+ 1

2
)

Z @ �ñ�J�B� @
�¡ 	k 	áÓ �é¢�® 	K

�
É¿ �èYgñË@ �èQK� @

�X ñë Z@ �ñ�J�B� @
�¡ 	k �	à


@ Q�. �Jª 	JÊ

	̄ h. A
��J 	J���B� @ A

��Ó

@

ø

�ñm.Ì'@ ¡ 	ª 	�Ë@ �ék. PX ù
 ë f(t) 	áº�JË t ∈ [0, 1] �IJ
k (cos2πt, sin2πt)

�é¢�® 	JK.
�éÊ
��JÜ�Ø

Y 	J« ø

�ñm.Ì'@ ¡ 	ª 	�Ë@ �ék. PX A �Òî�	E


B f(0) = f(1) A�	JË (cos2πt, sin2πt)

�é¢�® 	JË @ Y 	J«
¡ 	ª 	�Ë@ �	à


@ ø



@ f(c) = f(c+ 1

2
) �IJ
m�'. c ∈ [0, 1

2
] Yg. ñ�K

��J.� A �ÜØ� @
�	X @�

�é¢�®�	JË @ � 	® 	K
Y 	J« ø


�ñm.Ì'@ ¡ 	ª 	�Ë@ ø
 ðA
���
 (cos2πc, sin2πc) Y	J« ø


�ñm.Ì'@
A��K
Q¢

�̄ 	á�
�KQ 	£A�	J�JÓ 	á�
�J¢
�® 	K 	àC

���JÖß
 A �Òë ð (cos2π(c+ 1
2
), sin2π(c+ 1

2
))

ú

	GA
���JË @ 	áK
QÒ�JË @

�
Ég
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|x| > A⇒ |f ′(x)| < 1 �IJ
m�'. A > 0 Yg. ñ�K é�	K A�
	̄

lim
|x|→∞

f ′(x) = 0
�	à

@ A �Üß. (


@

ε > 0 	áº�JË
	Y 	g


A 	K |f(x)− f(y)| = |f ′(c)(x− y)| ≤ |x− y|

�	àA�
	̄
x > y > A �I	KA

�
¿ @

�	X @� @
�	X @�

@
�	X @� ½Ë 	Y» ð |f(x)− f(y)| ≤ ε

�	àA�
	̄ |x− y| ≤ δ′ ð x > y > A �I	KA

�
¿ @

�	X @� δ
′ = ε

�èQ�� 	®Ë @ ú
�
Î« A �Ó


@ |f(x)− f(y)| ≤ ε

�	àA�
	̄ |x− y| ≤ δ′ ð x < y < −A �I	KA

�
¿

�é�®Ê 	ªÓ ð �èXðYm× �èQ�� 	®Ë @ �	à

B ÈA ��

���B� @
�éÒ 	¢�J 	JÓ ù
 ë @

�	X @�
�éÊ���JÓ f �	àA�

	̄
[−A− 1,+A+ 1]

	àA
�
¿ A �ÒÊ¿ �IJ
m�'. δ′′ > 0 Yg. ñ�K @

�	X @�
|f(x)− f(y)| ≤ ε

�	àA�
	̄ |x− y| ≤ δ′′ ð −A− 1 ≤ x ≤ y ≤ +A+ 1

É 	g@ �X y ð x 	áÓ
�
É¿ 	àñºK
 	à


@ A

��ÓA�
	̄ |x− y| < δ 	àA

�
¿ @

�	XA�
	̄
δ = inf{1

2
, δ′, δ′′} 	áº�JË

h. PA
�	g y ð x 	áÓ

�
É¿ 	àñºK
 	à


@ ð


@ |f(x)− f(y)| ≤ ε A �ëY	J« ð [−A− 1,+A+ 1]

R ú
�
Î« ÈA ��

���B
�
@ �éÒ 	¢�J 	JÓ f @

�	X @� |f(x)− f(y)| ≤ ε A �ëY	J« ð [−A,+A]

�I	KA
�
¿ @

�	X @� @
�	X @� x > A⇒ |f ′(x)| < ε

2
�IJ
m�'. A > 0 Yg. ñ�K ε > 0, 	áº�JË (H.

Yg. ñ�K é�	K A�
	̄

lim
|x|→∞

f(x0)

x− x0

= 0
�	à

@ A �Üß. |f(x)−f(x0)|

x−x0
= f ′(c) < ε

2

�	àA�
	̄
x >> x0 > A

�	àA�
	̄
x > B �I	KA

�
¿ @

�	X @� @
�	X @�

f(x0)
x−x0

< ε
2

�	àA�
	̄
x > B �I	KA

�
¿ @

�	X @�
�IJ
m�'. B > x0

@
�	X @� |

f(x)
x
| ≤ |f(x)−f(x0)

x−x0
|+ |f(x0)

x−x0
| < ε

lim
|x|→∞

f(x)

x
= 0

�	à

@ ð ∀x > −1, x

1+x
≤ Ln(1 + x) ≤ x 	à


@ 	á�
J. 	K 	à


@ YK
Q 	K (2

∀n ∈ N, (1 + 1
n
)n < e < (1 + 1

n
)n+1

c Yg. ñ�K @
�	X @� f

′(c) = 1
1+c

A�	JË f(x) = Ln(1 + x) �IJ
k
�é¢ ��ñ�JÖÏ @ �éÒJ


�®Ë @ �é�K
Q 	¢	� 	áÓ
��
���®m��' x ð 0 	á�
K.

Ln(1 + x)− Ln(1) = x
1+c

�	àA�
	̄ �Õç�' 	áÓ ð x > c > 0

�	àA�
	̄
x > 0 	àA

�
¿ @

�	X @�
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x > x
1+c

> x
1+x

x ≥ x
1+c
≥ x

1+x
@
�	X @� 1 < 1

1+c
< 1

1+x
ø


@ x < c < 0

�	àA�
	̄ −1 < x ≤ 0 	àA

�
¿ @

�	X @� A
��Ó

@

∀x > −1, x
1+x
≤ Ln(1 + x) = x

1+c
≤ x i. �J

	�K
 	á�
�JËA
�mÌ'@ 	áÓ

h. A
��J 	J���B� @

ú
�
Î« É ��j�J 	K x = 1

n
	áÖß



B@ 	¬Q �¢Ë@ ú


	̄ 	Y 	g

A 	K

Ln(1 + 1
n
) ≤ 1

n
⇔ nLn(1 + 1

n
) ≤ 1 ⇔ (1 + 1

n
)n ≤ e

ú
�
Î« É ��j�J 	K x = 1

n
Qå�


B@ 	¬Q �¢Ë@ ú


	̄ 	Y 	g

A 	K

1
n

1+ 1
n

≤ Ln(1+ 1
n
) ⇔ 1

1+n
≤ Ln(1+ 1

n
) ⇔ 1 ≤ (n+1)Ln(1+ 1

n
) ⇔ e ≤ (1+ 1

n
)n+1

�IËA
���JË @ 	áK
QÒ�JË @

�
Ég

	áº�JË Õç�'Q 	«ñ
�
ÊË @ �èXA �« 	Y 	g


A 	K ��


B@ ú


	̄ �èQ��
 	ª�JÖÏ @ 	àñº�K A �ÓY 	J« lim
|x|→∞

(
x2 + x+ 1

x2 + 1
)2x

�	à

@ 	¬Qª	K É�J�
K�ñË 	áÓ (x→∞) ⇒ (u→ 0)

�	à

@ 	¡kC

� 	K u = x
1+x2

@
�	X @� lim

u→0

Ln(1 + u)

u
= 1

lim
|x|→∞

2xLn(
x2 + x+ 1

x2 + 1
) = lim

|x|→∞
2xu

Ln(1 + u)

u
= lim
|x|→∞

2x2

1 + x2
lim
u→0

Ln(1 + u)

u
= 2

@
�	X @�

lim
|x|→∞

(
x2 + x+ 1

x2 + 1
)2x = e2

É�J�
K�ñË
���J.¢

	� ð t = 1
x

© 	�	� lim
x→∞

x3(tan
1

x
− 1

x
) XA�m.�'
B�

lim
x→∞

x3(tan
1

x
− 1

x
) = lim

t→0

tant− t
t3

= lim
t→0

tan2t

3t2
=

1

3
�	à

@ 	¬Qª	K É�J�
K�ñË 	áÓ é�	K


B
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lim
t→0

tant

t
= lim

t→0

1 + tan2t

1
= 1

t = x− 1 © 	�	� lim
x→1+

(
sin(x− 1)

x− 1
)

1
x−1

�é�@ �PYË

lim
x→1+

(
sin(x− 1)

x− 1
)

1
x−1 = lim

t→0+
(
sin(t)

t
)

1
t

�	à

@ 	¬Qª	K É�J�
K�ñË 	áÓ

lim
t→0

Ln
(sint
t)

t
= lim

t→0

tcost− sint
tsint

= lim
t→0

cost− tsint− cost
sint+ tcost

= 0

@
�	X @� lim

t→0

sint

t
= 1

�	à

@ 	¬Qª	K É�J�
K�ñË 	áÓ é�	K


B

lim
x→1+

(
sin(x− 1)

x− 1
)

1
x−1 = 1

É�J
 	̄ ½ÊÖÏ @ �éªÓA �g.
ÐñÊªË@ �éJ
Ê¿
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	á�
�J«A �� ú

	̄ ú

�
Î� 	®Ë@ PA�J. �J 	kB

��
@ 1 ù


�®J
�®k ÉJ
Êm�
�'

ÈðB
�
@ 	áK
QÒ�JË @

É�J�
K�ñË
�é�K
Q 	¢	� 	àA �ëQK. XPð


@ (1

�éJ. �KQË @ ú
�
Í@�

�éË @
��YË@ è 	Yë ¼ñº 	®Ó ð Argth(x) ø �YK� @

�	QË @ É 	¢Ë@ ¨A ��
���@�

	K
Qª�K ñë A�Ó (2

Q 	® ��Ë@ Y 	J« �é�XA ���Ë@
�éJ
ËA

���JË @ �HA�K
A�î
�	DË @ Yg. ð


@ (3

29



lim
x→0

log(cosx)

x2
, lim

x→1+
(
sin(x− 1)

x− 1
)

1
x−1 = 0, lim

|x|→∞
(
x2 + x+ 1

x2 + 1
)x

ú

	GA
��JË @ 	áK
QÒ�JË @

f(x) = x3 + x I. �k �é 	̄QªÓ , f : R→ R 	áº�JË

ÈA ��
���B
�
@ �éÒ 	¢�J 	JÓ ù
 ë Éë (1

g′(2) Yg. ð

@ ð 	á�
�K�QÓ

��A
��®�J ��C

�
Ë� ÉK. A

��̄
g H. ñÊ

�®Ó f �éË @ �YÊË�
�	à

@ 	á�
K. (2

ÈA ��
���B
�
@ �éÒ 	¢�J 	JÓ g �éË @

��YË@ Éë , lim
x→∞

g(x)

x
ð lim

x→∞
g′(x) Yg. ð


@ (3

�IËA
��JË @ 	áK
QÒ�JË @

∀x ∈ R, 1− x2

2
≤ cosx ≤ 1− x2

2
+ x4

24
é�	K

@ 	á�
K. (1

sin(5π−1
10

) X �YªÊË� ú
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Íð


B@ �é�K
Qå��ªË@ �HA�	K A �	g �éªK. P


B@ i. �J 	J
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É�J
 	̄ ½ÊÖÏ @ �éªÓA �g.
ÐñÊªË@ �éJ
Ê¿

1424 Q 	®� 24 �HA�J
 	�A�K
QË @ Õæ��̄

	á�
�J«A �� ú

	̄ ÈðB

�
@ PA�J. �J 	kB

��
@ 1 ù


�®J
�®k ÉJ
Êm�
�'

ÈðB
�
@ 	áK
QÒ�JË @

é�	K

@ 	á�
K. ]a, b[ ú

�
Î« ��A

��®�J ��C
�
Ë� 	á�
�JÊK. A

��̄ ð [a, b] ú
�
Î« 	á�
�JÊ�

��JÓ g ð f 	á�
�JË @
�X 	Y 	gA�	JË (1

�IJ
m�'. c ∈]a, b[ Yg. ñK

(f(b)− f(a))g′(c) = (g(b)− g(a))f ′(c)
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é�	K

@ 	á�
K. f(0) = f(1) = f ′(1) = 0 �IJ
m�'.

��A
��®�J ��C

�
Ë�

�éÊK. A
��̄, f : R→ R 	áº�JË (2

f ′(c) = f(c)
c

�IJ
m�'. c ∈]0, 1[ Yg. ñ�K

ú

	GA
��JË @ 	áK
QÒ�JË @

f(x) = x3 + x I. �k �é 	̄QªÓ , f : R→ R 	áº�JË

ÈA ��
���B
�
@ �éÒ 	¢�J 	JÓ ù
 ë Éë (1

g′(2) Yg. ð

@ ð 	á�
�K�QÓ

��A
��®�J ��C

�
Ë� ÉK. A

��̄
g H. ñÊ

�®Ó f �éË @ �YÊË�
�	à

@ 	á�
K. (2

ÈA ��
���B
�
@ �éÒ 	¢�J 	JÓ g �éË @

��YË@ Éë , lim
x→∞

g(x)

x
ð lim

x→∞
g′(x) Yg. ð


@ (3

�IËA
��JË @ 	áK
QÒ�JË @

x2sinx
�éË @ �YÊË�

�èP ��Qº�JÖÏ @ �HA
��®�J ��ÖÏ @ Yg. ð


@ (1

arctanx+ arctan 1
x

�éÒJ

�̄ Yg. ð


@ (2

lim
x→∞

e
1

1+x − e 1
x

π
2
− arctanx

Yg. ð

@ (3

É�J
 	̄ ½ÊÖÏ @ �éªÓA �g.
ÐñÊªË@ �éJ
Ê¿

1424 È �ðB
�
@ ©J
K. P 27 �HA�J
 	�A�K
QË @ Õæ��̄

	á�
�J«A �� ú

	̄ ú


	G A
���JË @ PA�J. �J 	kB

��
@ 1 ù


�®J
�®k ÉJ
Êm�
�'

ÈðB
�
@ 	áK
QÒ�JË @

ú

	̄ ZA �g. A �Ò» A�î�EPñ� A�	JÖÞ�P ð A�ê�̄ A

��®�J ��@ A�	KYg. ð
	J
» 	á��
K. ð arcsinx

�éË @
��YË@ 	¬�Q« (1

�P �YË@

arcsin(sin(5
3
π))

�éÒJ

�̄ Yg. ð


@ (2
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lim
x→0

(
x2 + x+ 1

x2 + 1
)x ð lim

n→∞

n∑
k=1

Log(n+ k)− logn
n+ k

�éJ
ËA
���JË @ �HA�K
A�î 	DË @ Yg. ð


@ (3

lim
x→(π

2
)+
arcsin

√
1 + sinx

2
Yg. ð


@ (4

ú

	GA
��JË @ 	áK
QÒ�JË @

f(x) = x3 + x I. �k �é 	̄QªÓ , f : R→ R 	áº�JË

lim
x→0

g(x)

x
= 1

��
���®m�'
 ( g �ñºªÓ ð


@) H. ñÊ

�®Ó f �éË @ �YÊË�
�	à

@ 	á�
K. ð f(R) Yg. ð


@ (1

g′(2) Yg. ð

@ ð 	á�
�K�QÓ

��A
��®�J ��C

�
Ë� ÉK. A

��̄
g

�	à

@ 	á�
K. (2

ÈA ��
���B
�
@ �éÒ 	¢�J 	JÓ g �éË @

��YË@ Éë , lim
x→∞

g(x)

x
ð lim

x→∞
g′(x) Yg. ð


@ (3

g(x)
x

�	à

@ i. �J 	J

���

@ ð g(x)

x
< 1

2

�	àA
�	̄ |x| > A É¾Ë �IJ
m�'. , A > 0 Yg. ñK
 é�	K


@ 	á�
K. (4

ù�Ò 	¢ªË@ A�î �DÒJ

�̄ ú

�
Í@ É���

�IËA
��JË @ 	áK
QÒ�JË @∫

exsin2x
�éÒJ


�̄ Yg. ð

@ (1

lim
n→∞

n

∫ n

0

dx

1 + n2x2

�éÒJ

�̄ Yg. ð


@ (2

lim
x→∞

sin 1
1+x
− sin 1

x
π
2
− arctanx

Yg. ð

@ (3

É�J
 	̄ ½ÊÖÏ @ �éªÓA �g.
ÐñÊªË@ �éJ
Ê¿

1424 	àA�J.ª �� 24 �HA�J
 	�A�K
QË @ Õæ��̄

È �ð

B@ ú
«ñJ.�B

�
@ PA�J. �J 	kB

�
@

Õ�̄QË @ ð Õæ�B
�
@
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∀x ∈ R, f(x) ≤ 1
�	à

@ 	á�
K. f(x) = 2x

1+x2
	áº�JË (1

�éÒ 	¢�J 	JÓ f
�	à

@ i. �J 	J

����@� ð ∀x ∈ R, f ′(x) ≤ 1
�	à

@ 	á�
K. f(x) = Ln(1 + x2) 	áº�JË (2

R ú
�
Î« ÈA ��

���B� @
Q�

	« f

	K
Qª�K I. �J»

@ (∀, ∃) �éJ
 	�A�K
QË @ 	PñÓ�QË@ ú

�
Î« XA �Ò�J«B� AK. f : R→ R 	áº�JË (2

A �Òî 	DJ
K. 	àPA
��̄ ð �éÊ���JÓ Q�


	« f
	K
Qª�K ð ÈA ��

���B� @
�éÒ 	¢�J 	JÓ

�éJ
ËA
���JË @ �HA�K
A�î

�	DË @ Yg. ð

@ (4

lim
x→1+

(
sin(x− 1)

x− 1
)

1
x−1 lim

|x|→∞
(
x2 + x+ 1

x2 + 1
)x

É�J
 	̄ ½ÊÖÏ @ �éªÓA �g.
ÐñÊªË@ �éJ
Ê¿

1424 	àA�J.ª �� 17 �HA�J
 	�A�K
QË @ Õæ��̄

È �ð

B@ ú
«ñJ.�B

�
@ PA�J. �J 	kB

�
@

Õ�̄QË @ ð Õæ�B
�
@

Q�

	« f

	K
Qª�K I. �J»

@ (∀∃) �éJ
 	�A�K
QË @ 	PñÓ�QË@ ú

�
Î« XA �Ò�J«B� AK. f : R→ R 	áº�JË (1

A �Òî 	DJ
K. 	àPA
��̄ ð �éÊ���JÓ Q�


	« f
	K
Qª�K ð ÈA ��

���B� @
�éÒ 	¢�J 	JÓ

Q 	® ��Ë@ Y 	J« ¡�® 	̄ �éÊ���JÓ R ú
�
Î« �é 	̄ �QªÓ �éË @ �X Yg. ð


@ (2

�éÊ���JÓ |f | �I	KA
�
¿ 	à


@ ¡�® 	̄ ð 	à@�

�éÊ���JÓ 	àñº�K f �	à

@ iJ
m�� Éë (3

�IJ
m�'. x ∈ [0, 1] Yg. ñK
 f : [0, 1]→ [0, 1]
�éÊ���JÓ �éË @ �X

�
É¾Ë �	à


@ 	á��
K. (4

f(x) = sin(π
2
x)

. R ú
�
Î« �éÊÓA ��� �éË @ �X 	àñº�K �é�K
XQ

	̄ �ék. PX ú

�G @
�	X XðYg �èQ�
�J»

�
É¿ �	à


@ 	á�
K. (5
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É�J
 	̄ ½ÊÖÏ @ �éªÓA �g.
ÐñÊªË@ �éJ
Ê¿

1424 	àA �	��ÓP 2 �HA�J
 	�A�K
QË @ Õæ��̄

ú

	GA
���JË @ ú
«ñJ.�B

�
@ PA�J. �J 	kB

�
@

Õ�̄QË @ ð Õæ�B
�
@

�éJ£� A
�	mÌ'@ ÉÒm.Ì'@ I. ¢ ��


@ , y > x > 2 	áº�JË (1

Ln(x4 + xy) = (4 + y)Lnx , 1+x
x−1
≤ 1+y

y−1
, (3x)y = 3x+y

é�	K

@ 	á��
K. (2

∀x ∈ R, cosx ≥ 1− 1

2
x2

arctanx+ arctan 1
x

�éÒJ

�̄
x ∈ R É¾Ë Yg. ð


@ (3

lim
x→∞

sin 1
1+x
− sin 1

x
π
2
− arctanx

Yg. ð

@ (4

É�J
 	̄ ½ÊÖÏ @ �éªÓA �g.
ÐñÊªË@ �éJ
Ê¿

1424 	àA �	��ÓP 10 �HA�J
 	�A�K
QË @ Õæ��̄

�IËA
���JË @ ú
«ñJ.�B

�
@ PA�J. �J 	kB

�
@

Õ�̄QË @ ð Õæ�B
�
@
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�éJ£� A
�	mÌ'@ ÉÒm.Ì'@ I. ¢ ��


@ , y > x > 2 	áº�JË (1

(3x)y = 3x+y,
1

x
− 1

y
=

1

x−y
, e(x

4+xy) = ex
4

+ ex
y

Y	J« ��A
��®�J ��C�

�
Ë �éÊK. A

��̄ A �Ò�Jk 	àñº�K Q 	® ��Ë@ Y 	J« 1
�éJ. �KQ

�
ÊË PñÊJ
�K ¼ñº 	®Ó A�êË �éË @ �X

�
É¿ Éë (2

Q 	® ��Ë@

Q 	® ��Ë@ Y 	J« 4
�éJ. �KQË @ ú

�
Í@� A

�ê»ñº 	®Ó ð argsh(x)
�é
��®�J ��Ó Yg. ð


@ (3

Q 	® ��Ë@ Y 	J« x8sin(x3)
�éË @ �Y

�
ÊË 10

�éJ. �KQ
�
ÊË PñÊJ
�K ¼ñº 	®Ó Yg. ð


@ (4

É�J
 	̄ ½ÊÖÏ @ �éªÓA �g.
ÐñÊªË@ �éJ
Ê¿

1424 	àA �	��ÓP 10 �HA�J
 	�A�K
QË @ Õæ��̄

©K. @ ��QË @ ú
«ñJ.�B
�
@ PA�J. �J 	kB

�
@

Õ�̄QË @ ð Õæ�B
�
@

�éJ£� A
�	mÌ'@ ÉÒm.Ì'@ I. ¢ ��


@ , y > x > 2 	áº�JË (1

√
x+
√
y =
√
x+ y,

1

x
+

1

y
=

1

x+ y
, ∀n ∈ N∗, 1+2+...+n ≤ (n+ 1)2

2

��A
��®�J ��C�

�
Ë �éÊK. A

��̄ A �Ò�Jk 	àñº�K Q 	® ��Ë@ Y 	J« 2
�éJ. �KQ

�
ÊË PñÊJ
�K ¼ñº 	®Ó A�êË �éË @ �X

�
É¿ Éë (2

Q 	® ��Ë@ Y 	J« 	á�
�K�QÓ

Q 	® ��Ë@ Y 	J« 4
�éJ. �KQË @ ú

�
Í@� A

�ê»ñº 	®Ó ð cos(x)
�é
��®�J ��Ó Yg. ð


@ (3

Q 	® ��Ë@ Y 	J« arcsin(x3)
�éË @ �Y

�
ÊË 5

�éJ. �KQ
�
ÊË PñÊJ
�K ¼ñº 	®Ó Yg. ð


@ (4
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É�J
 	̄ ½ÊÖÏ @ �éªÓA �g.
ÐñÊªË@ �éJ
Ê¿

1424 È@ ��ñ �� 16 �HA�J
 	�A�K
QË @ Õæ��̄

�ÓA
�	mÌ'@ ú
«ñJ.�B

�
@ PA�J. �J 	kB

�
@

Õ�̄QË @ ð Õæ�B
�
@

�éJ£� A
�	mÌ'@ ÉÒm.Ì'@ I. ¢ ��


@ (1

∀(x, y) ∈ R2, |x− y| ≥ ||x| − |y||, 0 < x < y ⇒ 1
1+Ln2(x)

> 1
1+Ln2(y)

[0, 1] ú
�
Î« 	àA �Üß
P ÉÓA

�
¾�JË�

�éÊK. A
��̄ �éË @ �X 	K
Qª�K ñë A�Ó (2

Éë [0, 1] ú
�
Î« 	àA �Üß
P ÉÓA

�
¾�JË�

�éÊK. A
��̄ ù
 ë Éë f(x) = {x

2sin 1
x
, x 6=0

0, x=0
�é
��®�J ��Ó ù
 ë A�Ó (3

[0, 1] ú
�
Î« 	àA �Üß
P ÉÓA

�
¾�JË�

�éÊK. A
��̄
f ′

Yg. ð

@ (4

lim
n→∞

n+2∑
k=0

k

n2
e
k
n

É�J
 	̄ ½ÊÖÏ @ �éªÓA �g.
ÐñÊªË@ �éJ
Ê¿

1424 �èYª�®Ë@ ð 	X 1 �HA�J
 	�A�K
QË @ Õæ��̄

�XA ��Ë@ ú
«ñJ.�B
�
@ PA�J. �J 	kB

�
@

Õ�̄QË @ ð Õæ�B
�
@

�éJ.�A
�mÌ'@ �éË


B@ ÈA �Òª�J�@�

	àðX �éJ£� A
�	mÌ'@ ÉÒm.Ì'@ I. ¢ ��


@ (1
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∀(x, y) ∈ R2, 3
2
x2y2 ≤ x4 + y4, ∀(x, y) ∈ R2, ex.ey ≤ ex + ey,

0 < x < y ⇒ 1
1+Ln2(x2)

> 1
100+Ln2(y2)

Éë [0, 1] ú
�
Î« 	àA �Üß
P ÉÓA

�
¾�JË�

�éÊK. A
��̄ ù
 ë Éë f(x) = {x

2cos 1
x
, x 6=0

0, x=0
�é
��®�J ��Ó ù
 ë A�Ó (2

[0, 1] ú
�
Î« 	àA �Üß
P ÉÓA

�
¾�JË�

�éÊK. A
��̄
f ′

�IJ
m�'.
�é�J
Ò

�
Ê� g

�éË @ �X A �Ò�Jk Yg. ñ�K Éë [0, 1] ú
�
Î« 	àA �Üß
P ÉÓA

�
¾�JË�

�éÊK. A
��̄ �éË @ �X f 	áº�JË (3

∀x ∈ [0, 1], |f(x)− g(x)| ≤ 1
2

�HA
�	̄Qj	JÖÏ @ éJ. ��

�é�®K
Q¢�. ÉÓA
�
¾��JË @ H. PA

��®�K �é�K
Q 	¢	� ��	� ñë A�Ó (4∫
dx

4cos2x+9sin2x
Yg. ð

�
@ (5
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Taylor PñÊJ
�K �é�K
Q 	¢	�

(Taylor)
�éK
Q 	¢	�

ú
�
Î« ��A

��®�J ��C� Ë�
�éÊK. A

��̄
f (n) �IJ
m�'. f ∈ C(n)(I) ð n ∈ N ð R 	áÓ �ékñ�J 	®Ó �èQ�� 	̄ I 	áº�JË

�IJ
m�'. b ð a 	á�
K. c ∈ I Yg. ñK
 é�	K A�
	̄
b ∈ I ð a ∈ I 	áº�JË I

f(b) = f(a) + (b− a)f ′(a) + ..+
(b− a)n

n!
f (n)(a) +

(b− a)n+1

(n+ 1)!
f (n+1)(c)

	àA �ëQK.
	¬�Qª	JË

F (t) = f(b)− (f(t) + (b− t)f ′(t) + ..+
(b− t)n

n!
f (n)(t))

A�	KY 	J«

F ′(t) =
−(b− t)n

n!
f (n+1)(t)

A�	J 	̄ �Q« @
�	XA�
	̄

G(t) = F (t)− (b− t)n+1

(b− a)n+1
F (a)

c ∈]a, b[ Yg. ñK
 ÈðP XA �Ò�J«A�J.
	̄

]a, b[ ú
�
Î« ��A

��®�J ��C� Ë�
�éÊK. A

��̄
G ð G(a) = G(b) = 0

�	àA�
	̄

ø


@ G′(c) = 0 �IJ
m�'.

F ′(c) = −(n+ 1)
(b− c)n

(b− a)n+1
F (a)

�	à

@ A �Üß. ð
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F ′(c) =
(b− c)n

n!
f (n+1)(c)

ø


@

F (a) =
(b− a)n+1

(n+ 1)!
f (n+1)(c)

@
�	X @�

f(b) = f(a) + (b− a)f ′(a) + ..+
(b− a)n

n!
f (n)(a) +

(b− a)n+1

(n+ 1)!
f (n+1)(c)

	K
Qª�K
é�	K A�

	̄
]a, b[ ú

�
Î« ��A

��®�J ��C� Ë�
�éÊK. A

��̄
f (n) �IJ
m�'. f ∈ C(n)([a, b]) ð n ∈ N 	áº�JË

f(a) + (x− a)f ′(a) + ..+
(x− a)n

n!
f (n)(a)

�	à

@ 	á�
g ú 	̄� a Y	J« f

�éË @
��Y
�
ÊË PñÊJ
�K

�é 	ªJ
� 	áÓ n
�éJ. �KQË @ 	áÓ XðYg �èQ�
�J» ù

��Ò���
(Lagrange) l .�

	' @ �Q�®Ë �é�J

�®K. ù

��Ò��� (x−a)n+1

(n+1)!
f (n+1)(c)

��J
J.¢��
e

1
10 X �Yª

�
ÊË ú

�
Íð


B@ �é�K
Qå��ªË@ �HA�	K A

�	mÌ'@ I. �m� 	' 	J
» (1

f(x) = ex, a = 0, b = x
	Y 	g


A 	K

ex = 1 +
x

1!
+ ..+

xn

n!
+

xn+1ec

(n+ 1)!

@
�	X @�

1 +
1

10
+

1

200
≤ e

1
10 ≤ 1 +

1

10
+

1

200
+

1

6000
ec

e
1
10 = 1, 1.5.. ù
 ë e

1
10 X �Yª

�
ÊË ú

�
Íð


B@ �é�K
Qå��ªË@ �HA�	K A

�	mÌ'@ �	à

@ i. �J 	J

���	� @
�	YîE. ð
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é�	K

@ 	á��
J. 	JË C

��JÔ 	̄ PñÊJ
�K
�é�K
Q 	¢	� ú

�
Î« XA �Ò�J«B� AK.

�HA�	JK
A�J. �JÖÏ @ 	�ªK. i. �J 	J
���	� 	à


@ ½Ë 	Y» 	áºÖß
 (2

∀x ∈ R, cosx ≥ 1− 1

2
x2

�	à

@ A �Üß. ð x ≥ 0 A �ÓY 	J« A�î 	DëQ�. 	K 	à


@ ù 	®�ºK
 @

�	X @�
�é�J
k. ð 	P È@ �ð �X ��	m��' �é 	JK
A�J. �JÖÏ @

�	à

@ ø �Q 	K

ú
�
Î« XA �Ò�J«B� AK. π ≥ x ≥ 0 A �ÓY 	J« A�î 	DëQ�. 	K 	à


@ ù 	®�ºJ


	̄
x ≥ π �I	KA

�
¿ @

�	X @�
�é�J
îE
YK.

�é 	JK
A�J. �JÖÏ @
�	à

@ ø �Q 	K PñÊJ
�K

�é�K
Q 	¢	�

cosx = 1− 1

2
x2 +

x3

6
sinc

@
�	X @�

x3

6
sinc ≥ 0 @

�	X @� π ≥ x ≥ c ≥ 0 �IJ
k

cosx = 1− 1

2
x2 +

x3

6
sinc

�éK
Q 	¢	�
ð ]a, b[ ú

�
Î« ��A

��®�J ��C� Ë�
�éÊK. A

��̄
f (n) �IJ
m�'. f ∈ C(n)([a, b]) ð n ∈ N 	áº�JË

f(a) + (x− a)f ′(a) + ..+
(x− a)n

n!
f (n)(a) = λ0 + λ1(x− a) + ..λn(x− a)n

	áÓ XðYg �èQ�
�J»
�	àA�
	̄
a Y	J« f

�éË @
��Y
�
ÊË PñÊJ
�K

�é 	ªJ
� 	áÓ n �éJ. �KQË @ 	áÓ XðYg �èQ�
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�é 	ªJ
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�éJ. �KQË @
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	àA �ëQK.
�IJ
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 ð ]a, b[ ú

�
Î« ��A

��®�J ��C� Ë�
�éÊK. A

��̄
g(n−1) é�	K A�
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g = f ′ 	áº�JË

g(x) = g(a) + (x− a)g′(a) + ..+
(x− a)n−1

(n− 1)!
g(n−1)(a) +

(x− a)n

(n)!
g(n)(c)

A�	JË ð

40



λk =
f (k)

k!
(a) =

g(k−1)(a)

k!

@
�	X @�

g(k−1)(a)

(k − 1)!
= kλk

��J
J.¢��
	áÓ XðYg �èQ�
�J»

�	àA�
	̄ �Õç�' 	áÓ ð g(k)(x) = (−1)k 1

(x+1)k+1
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���®m��' g(x) = 1

x+1

�éË @
��YË@

ù
 ë 0 Y	J« Ln(1 + x)
�éË @

��Y
�
ÊË PñÊJ
�K

�é 	ªJ
� 	áÓ n �éJ. �KQË @

x− 1

2
x2 + ..+ (−1)n−1 1

n
xn

ñê 	̄ G = Ln(1 + x)
�éË @

��Y
�
ÊË PñÊJ
�K

�é 	ªJ
� 	áÓ ú
��̄ A�J. Ë @ A

��Ó

@

G(n+1)(c)
xn+1

n+ 1
=

(−1)ncn+1

(n+ 1)
xn+1

ú
�
Î« É ��j�J 	K @

�	YîE. ð

∀x > 0, x− 1

2
x2 +

1

3
x3..− x2k

2k
< Ln(1 + x) < x− 1

2
x2 +

1

3
x3..+

x2k+1

2k + 1
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	àA �Üß
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�éJ
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�éÒJ
�
�®�K �HYg. ð 	à@�

�é�J
Ò
�
Ê� f

�éË @
��YË@ �	à


@ Èñ�® 	K f : [a, b]→ R 	áº�JË
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@ �é�JK. A

��K f 	àñº�K ]xk, xk+1[
�é�J
K� 	Qk.

�èQ�� 	̄
�
É¿ ú

�
Î« �IJ
m�'. a = x0 < x1.. < xn = b

[a, b] ú
�
Î« f ÉÓA

�
¾�K 	¬�Qª	K A �ëY	J« xk < x < xk+1 ⇒ f = ck

�IJ
m�'. ck ∈ R Yg. ñK

é�	K

AK.∫ b

a

f(x)dx =
n−1∑
k=0

ck(xk+1 − xk)

�éÊ�JÓ

@

f(x) =


−1 0 ≤ x < 1

4 x = 1

3 1 < x ≤ 2∫ b

a
f(x)dx = 2

��
���®m��' �éJ
Ò

�
Ê� �éË @ �X ù
 ë
�	à

@ 	á�
g ú

�	̄

g(x) =

{−1 , x = 0

n , 1
n+1

< x ≤ 1
n
, n ∈ N

�é�J
î �D 	JÓ Q�

	« �éÒJ
�

�®��JË @ �	à

B [0, 1] ú

�
Î« �é�J
Ò

�
Ê� �I��
Ë

( �HA�J. �KC� Ë�
) �HA �	�kC

�
Ó

ú
æî
�D 	JÓ A �ë@ �YÓ ð �èXðYm× 	àñº�K [a, b] ú

�
Î« �IJ
Ò

�
Ê� �éË @ �X

�
É¿ (1
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�é�JK. A
��K 	àñº�K [a, b] ú

�
Î« �éÊ���JÓ ð �IJ
Ò

�
Ê� �éË @ �X

�
É¿ (2

�éÒJ
�
�®��JË @ Q��
 	ª�JK. Q

��
 	ª�JK
 B
�

[a, b] ú
�
Î« �IJ
Ò

�
Ê�Ë@ �éË @ �YË@ ÉÓA

�
¾�K (3

�é�J
Ò
�
Ê� È@ �ð �X 	àñºK


�é�J
Ò
�
Ê�Ë@ È@ �ð �YË@ H. Qå 	� ð hQ£ ð ©Ôg. (4

�	àA�
	̄

[a, b] ú
�
Î« �é�J
Ò

�
Ê�Ë@ È@ �ð �YË@ �é«ñÒm.× E([a, b]) 	áºJ
Ë (5

∀f ∈ E([a, b]),∀g ∈ E([a, b]) (@

∀λ ∈ R,
∫ b

a

(f(x) + λg(x))dx =

∫ b

a

f(x)dx+ λ

∫ b

a

g(x)dx

∀f ∈ E([a, b]),∀g ∈ E([a, b]) (H.

f ≤ g ⇒
∫ b

a

f(x)dx ≤
∫ b

a

g(x)dx

 A
��®�	JË @ 	áÓ ú
æî

�D 	JÓ X �Y« ú
�	̄ �éË @

��YË@ Q��
 	ª�JK. Q
��
 	ª�JK
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�
[a, b] ú

�
Î« �éJ
Ò

�
Ê�Ë@ �éË @ �YË@ ÉÓA

�
¾�K (h.
	K
Qª�K

	¬�Qª	K [a, b] ú
�
Î« �é�J
Ò

�
Ê�Ë@ È@ �ð �YË@ �é«ñÒm.× E([a, b]) ð f : [a, b]→ R 	áº�JË

E−(f) = {φ ∈ E([a, b]), φ ≤ f} ð E+(f) = {ψ ∈ E([a, b]), ψ ≥ f}

ú
�
ÍA
���JË @  Qå��Ë @ ��

���®m��' 	à@�
	àA �Üß
P ÉÓA

�
¾�JË �éÊK. A

��̄
f

�éË @
��YË@ �	à


@ Èñ�® 	K

∀ε > 0,∃ψ ∈ E+(f),∃φ ∈ E−(f);

∫ b

a

(ψ − φ)(x)dx ≤ ε

�é�K
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	àA �Üß
P ÉÓA

�
¾�JË �éÊK. A

��̄ 	àñº�K [a, b] ú
�
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	àA �ëQK.
	áº�JË 0 ≤ k ≤ n

�
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�X 	¬�Qª	K a = x0 < x1 < .. < xn = b
�	à

@ 	¡kC
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���JËA
�
¿ �éÒJ
�

�®��JË @ è 	Yë ú
�
Î« φn

∀0 ≤ k ≤ n− 1, xk ≤ x < xk+1 ⇒ ψn(x) = f(xk+1)
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½Ë 	Y» ð

∀0 ≤ k ≤ n− 1, xk ≤ x < xk+1 ⇒ φn(x) = f(xk)

ð φn ≤ f ≤ ψn
�	à

@ ø �Q 	K 	K
Qª

��JË @ @
�	Yë 	áÓ

∫ b

a

(ψn−φn)(x)dx =
b− a
n

[(f(x1)−f(x0))+(f(x2)−f(x1))+..+(f(xn)−f(xn−1))]

= (f(b)− f(a))
b− a
n

φn ð ψn Xñk. ð
�	àA�
	̄

(f(b)− f(a)) b−a
n
≤ ε �IJ
m�'.

�èQ�
J.» n 	áº�JË ε > 0
�
É¾Ë @

�	X @�
	àA �Üß
P ÉÓA

�
¾�JË �éÊK. A

��̄
f

�	à

@ 	á��
J. K

�é�K
Q 	¢	�

A�	JË ð 	àA �Üß
P ÉÓA
�
¾�JË �éÊK. A

��̄ 	àñº�K [a, b] ú
�
Î« �éÊ���JÓ �éË @ �X

�
É¿∫ b

a

f(x)dx = lim
n→∞

b− a
n

n∑
k=1

f(a+ k
b− a
n

)

	àA �ëQK.
φ ≤ f ≤ ψ 	àA

��®
���®m��' 	á�
�J�J
Ò

�
Ê� 	á�
�JË @

�X Ym.�
	' 	à
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 ε > 0 ð [a, b] ú

�
Î« �éÊ���JÓ f 	áº�JË

�éÒ 	¢�J 	JÓ f
�	à

@ A �Üß. M = sup{|f(x)|, x ∈ [a, b]} 	áº�JË

∫ b

a
(ψ − φ)(x)dx ≤ ε ð

é�	KA�
	̄ ÈA ��

���B� @

∃δ > 0,∀x ∈ [a, b],∀y ∈ [a, b], |x− y| ≤ δ ⇒ |f(x)− f(y)| ≤ ε
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ð ψn
	á�
�J�J
Ò

�
Ê� 	á�
�JË @
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	¬�Qª	K b−a
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ÍA��JË A
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¿ φn

∀0 ≤ k ≤ n− 1, xk ≤ x < xk+1 ⇒ ψn(x) = sup
t∈[xk,xk+1]

f(t)
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∀0 ≤ k ≤ n− 1, xk ≤ x < xk+1 ⇒ φn(x) = inf
t∈[xk,xk+1]

f(t)

ð φn ≤ f ≤ ψn A�	JË

∫ b

a

(ψn−φn)(x)dx =
b− a
n

[(ψn(x0)−φn(x0))+(ψn(x1)−φn(x1))+..+(ψn(xn−1)−φn(xn−1))]

≤ b− a
n

ε

(b− a) + 1
n ≤ ε

A�	JË ð
∫ b

a

φn(x)dx ≤ b− a
n

n−1∑
k=0

f(a+ k
b− a
n

) ≤
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ψn(x)dx
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n→∞
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∀0 ≤ k ≤ n, lim
n→∞

b− a
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f(a+ k
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B@) �é�K
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F (x0 + h)− F (x0) =

∫ x0+h

x0

f(t)dt = hf(x0) + h

∫ x0+h

x0
(f(t)− f(x0))dt

h

x0 Y	J« �éÊ���JÓ f �	à
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ε(h) = 0
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h
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�éÊK. A
��̄
F
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a
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∫ b

a
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a
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���®m��' 	à@� f
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��®�J��K fn
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n→∞

fn(x) = f(x)
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��®�J��K fn
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@ Èñ�® 	K (2

lim
n→∞

sup
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|fn(x)− f(x)| = 0

ÈA
��JÓ

�èY«A�J.
��JÓ fn(0) = n
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B R ú

�
Î« H. PA

��®�J��K B
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fn(x) = n

1+nx2
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1+nx2

sup
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|fn(x)− f(x)| =∞

�é�K
Q 	¢	�
	àA�
	̄
A ú

�
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��®�J��K È@ �ð �YË@ 	áÓ �éªK. A
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x0 Y	J« �éÊ���JÓ 	àñº�K f �	àA�
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x0 ∈ A Y	J« �éÊ���JÓ fn �I	KA
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¿

	àA �ëQK.
�IJ
m�'. N ∈ N Yg. ñ�K ε > 0 	áº�JË

n ≥ N ⇒ sup
x∈A
|fn(x)− f(x)| ≤ ε

3

�IJ
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	̄ �éÊ���JÓ fN

�	à

@ A �Üß.

x ∈ A, |x− x0| < δ ⇒ |fN(x)− fN(x0)| ≤
ε

3
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�	àA�
	̄ |x− x0| < δ ð x ∈ A �I	KA
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|f(x)− f(x0)| ≤ |f(x)− fN(x)|+ |fN(x)− fN(x0)|+ |fN(x0)− f(x0)| ≤ ε
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lim
n→∞

∫ b

a

fn(x)dx =
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f(x)dx∫ b

a
ð limn→∞ ÉK
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n ≥ N ⇒ sup
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3
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|
∫ b

a

fn(x)dx−
∫ b

a

f(x)dx| ≤
∫ b

a

|fn(x)− f(x)|dx ≤ |b− a| sup
x∈[a,b]

|fn(x)− f(x)|
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lim
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n→∞
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